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Abstract. The aim of this paper is to develop a theory of finite trans- 
formation monoids and in particular to study primitive transformation 
monoids. We introduce the notion of orbitals and orbital digraphs for 
transformation monoids and prove a monoid version of D. Higman's cel- 
ebrated theorem characterizing primitivity in terms of connectedness of 
orbital digraphs. 

A thorough study of the module (or representation) associated to a 
transformation monoid is initiated. In particular, we compute the pro- 
jective cover of the transformation module over a field of characteristic 
zero in the case of a transitive transformation or partial transformation 
monoid. Applications of probability theory and Markov chains to trans- 
formation monoids are also considered and an ergodic theorem is proved 
in this context. In particular, we obtain a generalization of a lemma of 
P. Neumann, from the theory of synchronizing groups, concerning the 
partition associated to a transformation of minimal rank. 
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1. Introduction 



The principal task here is to initiate a theory of finite transformation 
monoids that is similar in spirit to the theory of finite permutation groups 
that can be found, for example, in |181l25j. I say similar in spirit because 
attempting to study transformation monoids by analogy with permutation 
groups is like trying to study finite dimensional algebras by analogy with 
semisimple algebras. In fact, the analogy between finite transformation 
monoids and finite dimensional algebras is quite apt, as the theory will show. 
In particular, an analogue of Green's theory [32l Chapter 6] of induction and 
restriction functors relating an algebra A with algebras of the form eAe with 
e idempotent plays a key role in this paper, whereas there is no such theory 
in permutation groups as there is but one idempotent. 

There are many worthy books that touch upon — or even focus on — 
transformation monoids [211|29l[33l[35lll5], as well as a vast number of re- 
search articles on the subject. But most papers in the literature focus on 
specific transformation monoids (such as the full transformation monoid, 
the symmetric inverse monoid, the monoid of order preserving transforma- 
tions, the monoid of all partial transformations, etc.) and on combinatorial 
issues, e.g., generalizations of cycle notation, computation of the submonoid 
generated by the idempotents [M], computation of generators and relations, 
computation of Green's relations, construction of maximal submonoids sat- 
isfying certain properties, etc. 

The only existing theory of finite transformation and partial transforma- 
tion monoids as a general object is the Krohn-Rhodes wreath product de- 
composition theory [40,-4^, whose foundations were laid out in the book of 
Eilenberg [27] . See also [56] for a modern presentation of the Krohn-Rhodes 
theory, but with a focus on abstract rather than transformation semigroups. 

The Krohn-Rhodes approach is very powerful, and in particular has been 
very successful in dealing with problems in automata theory, especially those 
involving classes of languages. However, the philosophy of Krohn-Rhodes 
is that the task of classifying monoids (or transformation monoids) up to 
isomorphism is hopeless and not worthwhile. Instead, one uses a varietal 
approach [27] similar in spirit to the theory of varieties of groups [50]. But 
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there are some natural problems in automata theory where one really has 
to stick with a given transformation monoid and cannot perform the kind of 
decompositions underlying the Krohn-Rhodes theory. One such problem is 
the Cerny conjecture, which has a vast literature [Tj45|[7l[9l[Tn|[T9l[2n|[26l[37l 
[Mlll2l[53l|58H62,67,68][nH74|. In the language of transformation monoids, 
it says that if X is a set of maps on n letters such that some product of 
elements of X is a constant map, then there is a product of length at most 
(n- 1)2 that is a constant map. The best known upper bound is cubic ^54j , 
whereas it is known that one cannot do better than (n — 1)^ [73j . 

Markov chains can often be fruitfully studied via random mappings: one 
has a transformation monoid M on the state set Q and a probability P on 
M. One randomly chooses an element of M according to P and has it act 
on 0. A theory of transformation monoids, in particular of the associated 
matrix representation, can then be used to analyze the Markov chain. This 
approach has been adopted with great success by Bidigare, Hanlon and 
Rockmore [12], Diaconis and Brown |15fll7j and Bjorner |13lll4j : see also 
my papers [651166]. This is another situation to which the Krohn-Rhodes 
theory does not seem to apply. 

This paper began as an attempt to systematize and develop some of the 
ideas that have been used by various authors while working on the Cerny 
conjecture. The end result is the beginnings of a theory of transformation 
monoids. My hope is that the theory initiated here will lead toward some 
progress on the Cerny conjecture. However, it is also my intent to interest 
combinatorialists, group theorists and representation theorists in transfor- 
mation monoids and convince them that there is quite a bit of structure 
there. For this reason I have done my best not to assume any background 
knowledge in semigroup theory and to avoid usage of certain semigroup 
theoretic notions and results, such as Green's relations |31| and Rees's the- 
orem [21], that are not known to the general public. In particular, many 
standard results in semigroup theory are proved here in a novel way, often 
using transformation monoid ideas and in particular an analogue of Schur's 
lemma. 

The first part of the paper is intended to systemize the foundations of the 
theory of transformation monoids. A certain amount of what is here should 
be considered folklore, although probably some bits are new. I have tried to 
indicate what I believe to be folklore or at least known to the cognoscenti. 
In particular, some of Sections [3] and [4] can be viewed as a specialization 
of Schiitzenberger's theory of unambiguous matrix monoids [11]. The main 
new part here is the generalization of Green's theory [32] from the context of 
modules to transformation monoids. A generalization of Green's results to 
semirings, with applications to the representation theory of finite semigroups 
over semirings, can be found in |36| . 

The second part of the paper is a first step in the program of understand- 
ing primitive transformation monoids. In part, they can be understood in 
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terms of primitive groups in much the same way that irreducible representa- 
tions of monoids can be understood in terms of irreducible representations 
of groups via Green's theory [301132] and the theory of Munn and Poni- 
zovsky [211 Chapter 5]. The tools of orbitals and orbital digraphs are intro- 
duced, generalizing the classical theory from permutation groups [T8|[25]. 

The third part of the paper commences a detailed study of the modules 
associated to a transformation monoid. In particular, the projective cover 
of the transformation module is computed for the case of a transitive action 
by partial or total transformations. The paper ends with applications of 
Markov chains to the study of transformation semigroups. 

2. Actions of monoids on sets 

Before turning to transformation monoids, i.e., monoids acting faithfully 
on sets, we must deal with some "abstract nonsense" type preliminaries 
concerning monoid actions on sets and formalize notation and terminology. 

2.1. Af-sets. Fix a monoid M. A (right) action of M on a set is, as 
usual, a map J7 x M — t- written (a,m) i— > am, satisfying, for all a G i}, 
m,n G M, 

(1) al = a; 

(2) {am)n = a{mn). 

Equivalently, an action is a homomorphism M — >■ Tq, where Tq is the mon- 
oid of all self-maps of 0, acting on the right. In this case, we say that is 
an M-set. The action is faithful if the corresponding morphism is injective. 
Strictly speaking, there is a unique action of M on the empty set, but in this 
paper we tacitly assume that we are dealing only with actions on non-empty 
sets. 

A morphism /: ^ A of M-sets is a map such that f{am) = f{a)m 
for all a G and m (z M. The set of morphisms from $7 to A is denoted 
homA/(r2, A). The category of right M-sets will be denoted Set^"^ ^ following 
category theoretic notation for presheaf categories [36] , 

The M-set obtained by considering the right action of M on itself by 
right multiplication is called the regular M-set. It is a special case of a free 
M-set. An M-set is free on a set X if there is a map l: X — ?> M so that 
given a function g: X A with A an M-set, there is a unique morphism of 
M-sets f:^l^A such that 

x^^n 




commutes. The free M-set on X exists and can explicitly be realized as 
X X M where the action is given by (x, m')m = (x, m'm) and the morphism 
i is X H> (x, 1). The functor X H- X x M from Set to Set^^°^ is left adjoint 
to the forgetful functor. In concrete terms, an M-set 0, is free on a subset 
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X C. ^ if and only if, for all a G f^, there exists a unique x & X and m G M 
such that a = xm. We call X a basis for the M-set Q,. Note that if M is 
a group, then is free if and only if M acts freely on Jl, i.e., am = a, for 
some a G O, implies m = 1. In this case, any transversal to the M-orbits is 
a basis. 

Group actions are to undirected graphs as monoid actions are to directed 
graphs (digraphs). Just as a digraph has both weak components and strong 
components, the same is true for monoid actions. Let O be an M-set. A 
non-empty subset A is M-invariant if AM C M; we do not consider the 
empty set as an M-invariant subset. An M-invariant subset of the form aM 
is called cyclic. The cyclic sub-M-sets form a poset Pos(ri) with respect to 
inclusion. The assignment Jl Pos(ri) is a functor Set^°^ Poset. A 
cyclic sTibsct will be called minimal if it is minimal with respect to inclusion. 

Associated to Pos(r2) is a preorder on 0, given by a <q /3 if and only 
if aM C f3M. If O is clear from the context, we drop the subscript and 
simply write <. From this preorder arise two naturally defined equivalence 
relations: the symmetric-transitive closure ~ of < and the intersection ~ 
of < and >. More precisely, a ~ ^ if and only if there is a sequence 
a = uq, wi, . . . , cjn = /3 of elements of Q such that, for each < i < n — 1, 
either LOi < uJi+i or Wj+i < Wj. On the other hand, a ~ /3 if and only if 
a < /3 and /? < a, that is, aM = /3M. The equivalence classes of ~ shall 
be called weak orbits, whereas the equivalence classes of ~ shall be called 
strong orbits. These correspond to the weak and strong components of a 
digraph. If M is a group, then both notions coincide with the usual notion 
of an orbit. 

Notice that weak orbits are M-invariant, whereas a strong orbit is M- 
invariant if and only if it is a minimal cyclic subset aM. The action of 
M will be called weakly transitive if it has a unique weak orbit and shall 
be called transitive, or strongly transitive for emphasis, if it has a unique 
strong orbit. Observe that M is transitive on Q if and only if there are no 
proper M-invariant subsets of J7. Thus transitive M-scts can be thought 
of as analogues of irreducible representations; on the other hand weakly 
transitive M-sets are the analogues of indecomposable representations since 
it is easy to see that the action of M on J7 is weakly transitive if and only if 

is not the coproduct (disjoint union) of two proper M-invariant subsets. 
The regular M-set is weakly transitive, but if M is finite then it is transitive 
if and only if M is a group. The weak orbit of an element a G will be 
denoted ©^(a) and the strong orbit Os{a). The set of weak orbits will be 
denoted vro(ri) (in analogy with connected components of graphs; and in any 
event this designation can be made precise in the topos theoretic sense) and 
the set of strong orbits shall be denoted Cl/M. Note that fi/M is naturally 
a poset isomorphic to Pos(n) via the bijection Os{a) i— >■ aM. Also note that 
iro{fl) is in bijection with 7ro(Pos(ri)) where we recall that if P is a poset, 
then the set 7ro(P) of connected components of P is the set of equivalence 
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classes of the symmetric-transitive closure of the partial order (i.e., the set 
of connected components of the Hasse diagram of P). 

We shall also have need to consider M-sets with zero. An element a G Q 
is called a sink if aM = {a}. An M-set with zero, or pointed M-set, is a 
pair (O, 0) where is an M-set and G M is a distinguished sinlsQ. An 
M-set with zero (17, 0) is called 0-transitive if aM = for all a ^ 0. Notice 
that an M-set with zero is the same thing as an action of M by partial 
transformations (just remove or adjoin the zero) and that 0-transitive actions 
correspond to transitive actions by partial functions. Morphisms of M-sets 
with zero must preserve the zero and, in particular, in this context M- 
invariant subsets are assumed to contain the zero. The category of M-sets 
with zero will be denoted Set^ ^ as it is the category of all contravariant 
functors from M to the category of pointed sets. 

Proposition 2.1. Suppose that n is a 0-transitive M-set. Then is the 
unique sink of 0,. 

Proof. Suppose that a ^ 0. Then S 17 = aM shows that a is not a 
sink. □ 

A strong orbit O of M on 17 is called minimal if it is minimal in the poset 
17/M, or equivalently the cyclic poset ujM is minimal for uj £ O. The union 
of all minimal strong orbits of M on 17 is M-invariant and is called the socle 
of 17, denoted Soc(17). If M is a group, then Soc(17) = 17. The case that 
17 = Soc(17) is analogous to that of a completely reducible representation: 
one has that 17 is a coproduct of transitive M-sets. If 17 is an M-set with 
zero, then a minimal non-zero strong orbit is called 0-minimal. In this 
setting we define the socle to be the union of all the 0-minimal strong orbits 
together with zero; again it is an M-invariant subset. 

A congruence or system of imprimitivity on an M-set 17 is an equivalence 
relation = such that a = /3 implies am = f3m for all a, /3 € 17 and m G M. 
In this case, the quotient 17/= becomes an M-set in the natural way and 
the quotient map 17 — >■ 17/= is a morphism. The standard isomorphism 
theorem holds in this context. If A C 17 is M-invariant, then one can define 
a congruence =a by putting a =a /3 if a = /? or a, /3 G A. In other words, 
the congruence =a crushes A to a point. The quotient M-set is denoted 
17/ A. The class of A, often denoted by 0, is a sink and it is more natural 
to view 17/ A as an M-set with zero. The reader should verify that if 

17 = 17o D 17i D 172 D • • • D 17fc (2.1) 

is an unrefinable chain of M-invariant subsets, then the successive quotients 
17i/17j+i are in bijection with the strong orbits of M on 17. If we view 
17j/17j+i as an M-set with zero, then it is a 0-transitive M-set corresponding 
to the natural action of M on the associated strong orbit by partial maps. 



This usage of the term "pointed transformation monoid" differs from that of [56| . 
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Of course, fife will be a minimal strong orbit and hence a minimal cyclic 
sub-M-set. 

For example, if N is a submonoid of M, there are two natural congruences 
on the regular M-set associated to N: namely, the partition of M into weak 
orbits of the left action of N and the partition of M into the strong orbits of 
the left action of A^. To the best of the author's knowledge, only the latter 
has every been used in the literature and most often when M = N. 

More generally, if fi is an M-set, a relation p on fi is said to be stable if 
a p /3 implies am p p-m for all m G M. 

If T is any set, then we can make it into an M-set via the trivial action 
am = a for all a G T and m € M; such M-sets are called trivial. This 
gives rise to a functor A : Set — >■ Set^°^ . The functor ttq : Set^°^ Set 
provides the left adjoint. More precisely, we have the following important 
proposition that will be used later when applying module theory. 

Proposition 2.2. Let Q be an M-set and T a trivial M-set. Then a func- 
tion /: O — )■ T belongs to homM(fi,T) if and only if f is constant on weak 
orbits. Hence homM(fi,T) = Set(7ro(fi), T). 

Proof. As the weak orbits are M-invariant, if we view 7ro(fi) as a trivial 
M-set, then the projection map Jl — )■ 7ro(fi) is an M-set morphism. Thus 

any map / : fi — t- T that is constant on weak orbits is an M-set morphism. 
Conversely, suppose that / G homM(fi, T) and assume a < [3 £ Q. Then 
a = Pm for some m G M and so /(a) = f{(3m) = f{f3)m = f{P). Thus the 
relation < is contained in ker /. But ~ is the equivalence relation generated 
by <, whence / is constant on weak orbits. This completes the proof. □ 

Remark 2.3. The right adjoint of the functor A is the so-called "global 
sections" functor T: Set^°^ Set taking an M-set $7 to the set of M- 
invariants of fi, that is, the set of global fixed points of M on fi. 

We shall also need some structure theory about automorphisms of M-sets. 

Proposition 2.4. Let Q, be a transitive M-set. Then every endomorphism 
of is surjective. Moreover, the fixed point set of any non-trivial endomor- 
phism of fi is empty. In particular, the automorphism group of fi acts freely 
on O. 

Proof. If /: fi — >• fi is an endomorphism, then /(fi) is M-invariant and 
hence coincides with Q. Suppose that / has a fixed point. Then the fixed 
point set of / is an M-invariant subset of Q, and thus coincides with fi. 
Therefore, / is the identity. □ 

In particular, the endomorphism monoid of a finite transitive M-set is its 

automorphism group. 

2.2. Green-Morita theory. An important role in the theory to be devel- 
oped is the interplay between M and its subsemigroups of the form eMe 
with e an idempotent of M. Notice that eMe is a monoid with identity e. 
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The group of units of eMe is denoted Ge and is called the maximal subgroup 
of M at e. The set of idempotents of M shall be denoted E{M); more 
generally, if X Q M, then E{X) = E{M) n X. First we need to define the 
tensor product in the context of M-sets (cf. [39|l46]). 

Let be a right M-set and A a left M-set. A map f : Q. x A ^ ^ oi 
sets is M -bilinear if f{u;m, A) = /(w, mX) for all € fi, A € A and m € M. 
The universal bilinear map is Q x A ^} 0m ^ given by (w, A) i— > w (8) A. 
Concretely, Q ®m A is the quotient of x A by the equivalence relation 
generated by the relation (wm, A) ~ (w, m\) for w € A G A and m E M. 
The class of (w, A) is denoted oj ® \. Suppose that is a monoid and that 
A is also right A^-set. Moreover, assume that the left action of M commutes 
with the right action of N; in this case we call A a bi-M-N-set. Then r2(g)jvf A 
is a right A^-set via the action (to A)n = w (8) (An). That this is well defined 
follows easily from the fact that the relation ~ is stable for the right A^-set 
structure because the actions of M and A'^ commute. 

For example, if A^ is a submonoid of M and {*} is the trivial A^-set, then 
{*} <^N M is easily verified to be isomorphic as an M-set to the quotient of 
the regular M-set by the weak orbits of the left action of A^ on M. 

If T is a right A^-set and A a bi-M-A^ set, then homAr(A, T) is a right Ad- 
set via the action (/m)(A) = f{mX). The usual adjunction between tensor 
product and hom holds in this setting. We just sketch the proof idea. 

Proposition 2.5. Let Q be a right Ad-set, A a bi-Ad-N -set and T a right 
N-set. Then there is a natural bijection 

h.omj\f{Q, ®M A, T) = homM(f^, homAr(A, T)) 

of sets. 

Proof. Both sides are in bijection with M-bilinear maps f : x A — ?> T 
satisfying /(w. An) = f{uj, A)n for E il, A G A and n G N. □ 

Something we shall need later is the description of CSa'/ A when A is a 
free left M-set. 

Proposition 2.6. Let Q be a right Ad-set and let A be a free left Ad-set 
with basis B. Then i7 ®jv/ A is in bijection with Q, x B. Adore precisely, if 
A E A, then one can uniquely write A = mxb\ with m\ E M and h\ E B. 
The isomorphism takes oj \ to {ujm\,b\). 

Proof. It suffices to show that the map / : Q x A ^ Q x B given by (w. A) i-^' 
{ujmx,bx) is the universal M-bilinear map. It is bilinear because freeness 
implies that if n E M, then since nA = nmxbx, one has runx = nmx and 
bnx = bx- Thus 

f{uj,nX) = {ujnmx,bx) = fiujn,X) 
and so / is M-bilinear. 

Suppose now that g: x A — )■ T is Af-bilinear. Then define h: Qx B ^ T 
by h{uj,b) = g{uj,b). Then 

Kfi.^^ -^)) = Hujmx, bx) = g{ujmx, bx) = g{uj, A) 
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where the last equahty uses M-biUnearity of g and that m\b\ = A. This 
completes the proof. □ 

We are now in a position to present the analogue of the Morita-Green 
theory |32[ Chapter 6] in the context of M-sets. This will be crucial for ana- 
lyzing transformation monoids, in particular, primitive ones. The following 
result is proved in an identical manner to its ring theoretic counterpart. 

Proposition 2.7. Let e € E{M) and let Vt he an M-set. Then there is a 
natural isomorphism horuM {eM , Q) = 0,e. 

Proof. Define ip: homj\,f (eM, 17) — > 0,e by <p{f) = /(e). This is well defined 
because /(e) = /(ee) = /(e)e € Qe. Conversely, if a G i7e, then one can 
define a morphism Fa'. eM — > $7 by Fa{m) = am. Observe that Fa(e) = 
ae = a and so ^{Fa) = a. Thus to prove these constructions are inverses 
it suffices to observe that if / G homAf(eM, 17) and m E eM, then /(m) = 
/(em) = /(e)m = F(^(j)(m) for all m G eM. □ 

We shall need a stronger form of this proposition for the case of principal 
right ideals generated by idempotents. Associate to M the category Me 
(known as the idempotent splitting of M) whose object set is E{M) and 
whose hom sets are given by ME{e, /) = fMe. Composition 

ME{f,g)xME{e,f)^ME{e,g), 

for e,f,g S E{M), is given by {m,n) mn. This is well defined since 
gM f ■ fMe C gMe. One easily verifies that e € ME{e,e) is the identity 
at e. The endomorphism monoid ME{e,e) of e is eMe. The idempotent 
splitting plays a crucial role in semigroup theory |56tl70j. The following 
result is well known to category theorists. 

Proposition 2.8. The full subcategory C of Set^°^ with objects the right 
M-sets eM with e € E{M) is equivalent to the idempotent splitting Me- 
Consequently, the endomorphism monoid of the M-set eM is eMe (with its 
natural left action on eM). 

Proof. Define ip : Me ^ C on objects by il^{e) = eM] this map is evidentally 
surjective. We already know (by Proposition 12. 7|) that, for each pair of idem- 
potents e,/ of M, there is a bijection i^ej'- fMe — )■ homAf(eM, /M) given 
by ipej^n) = Fn where Fn{m) = nm. So to verify that the family {■i/'g,/}, 
together with the object map ip, provides an equivalence of categories, we 
just need to verify functoriality, that is, if ni € fMe and n2 G gMf, then 
° Fni = Fn2ni and Fe = IgM- For the latter, clearly Fe{m) = em = m 
for any m G eM. As to the former, Fn2{Fn^{m)) = F„2(nim) = n2{nim) = 

Pn2n\ {mi) . 

For the final statement, because ME{e, e) = eMe it suffices just to check 
that the actions coincide. But if m € eM and n € eMe, then the corre- 
sponding endomorphism Fn : eM — )■ eM takes m to nm. □ 
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As a consequence, we see that if e, / G E{M), then eM = fM if and only 
if there exists m E eMf and m' £ fMe such that mm' = e and m'm = /. In 
semigroup theoretic hngo, this is the same thing as saying that e and / are ^- 
equivalent [2T]l31ll33ll56] . If e, / S E{M) are ^-equivalent, then because eMe 
is the endomorphism monoid of eM and fMf is the endomorphism monoid 
of fM, it follows that eMe ^ fMf (and hence Ge = Gf) as eM ^ fM. 
The reader familiar with Green's relations |21l[3Tj should verify that the 
elements of fMe representing isomorphisms eM — )■ fM are exactly those 
me M with f ^m^ e. 

It is a special case of more general results from category theory that if M 
and N are monoids, then Set*^°^ is equivalent to Set^°^ if and only if Me is 
equivalent to if and only if there exists / G E(N) such that N = NfN 
and M = fNf; see also [69]. In particular, for finite monoids M and N it 
follows that Set*^ ^ and Set'^ ^ are equivalent if and only if M = since 
the ideal generated by a non-identity idempotent of a finite monoid is proper. 
The proof goes something like this. The category Me is equivalent to the full 
subcategory on the projective indecomposable objects of Set*^ ^ and hence 
is taken to Ne under any equivalence Set^'^°'' — >■ Set'^°''. If the object 1 of 
Me is sent to / G E{N), then M ^ fNf and N = NfN. Conversely, if 
/ G E{N) with fNf ^ M and NfN = N, then fN is naturally a bi-M- 
A^-set using that M = fNf. The equivalence Set*^°'' Set'^"" then sends 
an M-set Q to Q ®m fN. 

Fix now an idempotent e G E{M). Then eM is a left eMe-set and so 
homj\,/(eM, $7) = J7e is a right eMe-set. The action on 0,e is given simply by 
restricting the action of M to eMe. Thus there results a restriction functor 
rese: Set^^^°'' ^ Set^^^^°" given by 

reSe(O) = Oe. 

It is easy to check that this functor is exact in the sense that it preserves 
injectivity and surjectivity. It follows immediately from the isomorphism 
rese(— ) — homA/(eM, (— )) that reSe has a left adjoint, called induction, 
inde: Set^*^^°' ^ Set^^°' given by 

inde(ri) = 0. ®eMe eM. 

Observe that = mde{^)e as eMe-sets via the map a i— >■ a (8" e (which is 
the unit of the adjunction). As this map is natural, the functor reSe inde is 
naturally isomorphic to the identity functor on Set^^*^ ^ . 

Let us note that if $7 is a right M-set, then each element of 17 (^m Me can 
be uniquely written in the form a ^ e with a G 57. Thus the natural map 
$7(8)jVfMe — )• $7e sending a'S)e to ae is an isomorphism. Hence Proposition l2.7l 
shows that resp also has a rig ht adjoint coinde : Set^*^"°'' ^ Set^°^ termed 
coinduction, defined by putting 



coinde(f7) = h.omeMe{Me,Q). 
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Note that coinde(f2)e = as eMe-sets via the map sending / to /(e) (which 
is the counit of the adjunction) and so rese coinde is also naturahy isomorphic 
to the identity functor on Sef^^^"^ ^ . 

The module theoretic analogues of these constructions are essential to 
much of representation theory, especially monoid representation theory [30^ 
[321117!. 

Proposition 2.9. Let Q be an eMe-set. Then mde{i^)eM = inde(f^). 

Proof. Indeed, a m = (a (8> e)m G inde(0)eM for m G eM. □ 

Let us now investigate these constructions in more detail. First we con- 
sider how the strong and weak orbits of M and Me interact. 

Proposition 2.10. Let a,f3 Qe. Then a <n /3 if and only if a <Qe /3. 
Ln other words, there is an order embedding f : Pos(ile) Pos(il) taking 
aeMe to aM. 

Proof. Trivially, a E /3eMe implies aM C /3M. Conversely, suppose that 
aM C f3M. Then aeMe = aMe C f3Me = f3eMe. □ 

As an immediate consequence, we have: 

Corollary 2.11. The strong orbits ofQe are the sets of the form Os{a)riQe 
with a E rie. Consequently, ifVLisa transitive M-set, then Vie is a transitive 
eMe-set. 

The relationship between weak orbits of and ile is a bit more tenuous. 

Proposition 2.12. There is a surjective map (p: 7ro(0e) Tr(){Q). Hence 
if Qe is weakly transitive, then Q is weakly transitive. 

Proof. The order embedding Pos(Oe) — ?> Pos(il) from Proposition 12.10] in- 
duces a map ip: 7ro(0e) — ?> vro(r2) that sends the weak orbit of a G 
under eMe to its weak orbit Ow{a) under M. This map is onto, because 
Owiu}) = Ow{u}e) for any oj £ il. □ 

In general, the map in Proposition 12.121 is not injective. For example, 
let Q = {1,2,3} and let M consist of the identity map on together with 
the maps 

_ /I 2 3\ /I 2 3 

^~\^2 2 3y' ■'"1^3 2 3 

Then M is weakly transitive on but eMe = {e}, Qe = {2, 3} and eMe is 
not weakly transitive on Qe. 

Next we relate the substructures and the quotient structures of Cl and 
via Galois connections. The former is the easier one to deal with. If is an 
M-set, then SubM(f^) will denote the poset of M-invariant subsets. 

Proposition 2.13. There is a surjective map of posets 

ijj: SubAf (il) ^ SubeMe(^^e) 
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given by A Ae. Moreover, ip admits an injective left adjoint given by 
A I—)- AM. More concretely, this means that AM is the least M -invariant 
subset A such that Ae = A. 

Proof. If A is M-invariant, then AeeMe C Ae and hence Ae G Subejv/e(f^e). 
Clearly, ip is an order preserving map. If A C Oe is eMe-invariant, then AM 
is M-invariant and A = Ae C AMe = AeMe C A. Thus tp is surjective. 
Moreover, if A G SubM(f^) satisfies Ae = A, then AM C AeM C A. This 
completes the proof. □ 

We now show that induction preserves transitivity. 

Proposition 2.14. Let il. be a transitive eMe-set. Then inde(r2) is a tran- 
sitive M-set. 

Proof. Since mde{^)e = Q is transitive, if A C inde(r2) is M-invariant, then 
we have Ae = mde{Q)e. Thus Propositions 12.9] and [2T3l vield inde(O) = 
inde(^i)eM C A establishing the desired transitivity. □ 

It is perhaps more surprising that similar results also hold for the congru- 
ence lattice. If Q is an M-set, denote by Congj^,j(r2) the lattice of congruences 
on ri. If = is a congruence on fie, then we define a congruence =' on by 
a =' /3 if and only if ame = (3me for all m € M. 

Proposition 2.15. Let = be a congruence on ile. Then: 

(1) =' is a congruence on 0,; 

(2) =' restricts to = on Oe; 

(3) =' is the largest congruence on $7 satisfying (2). 

Proof. Trivially, =' is an equivalence relation. To see that it is a congruence, 
suppose a =' f3 and n € M. Then, for any m G M, we have anme = f3nme 
by definition of ='. Thus an =' /3n and so =' is a congruence. 

To prove (2), suppose that a,(3 £ ile. If a =' (3, then a = ae = (3e = (3 
by definition of ='. Conversely, if a = /3 and m £ M, then ame = aeme = 
/3eme = /3me. Thus a =' (3. 

Finally, suppose that ~ is a congruence on Q. that restricts to = on fie and 
assume a ~ /?. Then for any m G M, we have ame, j3me € fie and ame ~ 
/3me. Thus ame = (3me by hypothesis and so a =' (3. This completes the 
proof. □ 

Let us reformulate this result from a categorical viewpoint. 

Proposition 2.16. The map g: Cong^^(r2) Conggj^/g(J7e) induced by re- 
striction is a surjective morphism of po sets. Moreover, it admits an injective 
right adjoint given by = ^ =' . 

3. Transformation monoids 

A transformation monoid is a pair [Vt, M) where is a set and M is 
a submonoid of T^. Notice that if e G E{M), then (Qe,eMe) is also a 
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transformation monoid. Indeed, if m, m' G eMe and restrict to the same 
function on fie, then for any a € $7, we have am = aem = aem' = am' and 
hence m = m' . 

A transformation monoid {0,, M) is said to be finite if 0, is finite. Of 
course, in this case M is finite, too. In this paper, we are primarily interested 
in the theory of finite transformation monoids. If = n, then we say that 
{Q, M) has degree n. 

3.1. The minimal ideal. For the moment assume that {fl,M) is a finite 
transformation monoid. Following standard semigroup theory notation go- 
ing back to Schiitzenberger, if m G M, then m^ denotes the unique idem- 
potent that is a positive power of m. Such a power exists because finiteness 
implies m'^ = m^"^" for some A; > and n > k. Then m°'~^"' = for 
any a > k and so if r is the unique natural number k<r<k + n — 1 
that is divisible by n, then (m'^)^ = m^'' = m*". Uniqueness follows because 
{m" \ a > k} is easily verified to be a cyclic group with identity m^ . For 
the basic structure theory of finite semigroups, the reader is referred to |42j 
or [56, Appendix A]. 

If M is a monoid, then a right ideal i? of M is a non-empty subset R so that 
RM C i?; in other words, right ideals are M-invariant subsets of the (right) 
regular M-set. Left ideals are defined dually. The strong orbits of the regular 
M-set are called ^-classes in the semigroup theory literature. An ideal is a 
subset of M that is both a left and right ideal. If M is a monoid, then M°p 
denotes the monoid obtained by reversing the multiplication. Notice that 
M°P X M acts on M by putting x{m, m') = mxm' . The ideals are then the 
M°P X M-invariant subsets; note that this action is weakly transitive. The 
strong orbits of this action are called ^ -classes in the semigroup literature. 

If A is an M-set and i? is a right ideal of M, then observe that KR is an 
M-invariant subset of A. 

A key property of finite monoids that we shall use repeatedly is stability. 
A monoid M is stable if, for any m,n £ M, one has that: 

MmnM = MmM <s=^ mnM = mM; 
MnmM = MmM <s=^> Mnm = Mm. 

A proof can be found, for instance, in [56, Appendix A]. We offer a different 
(and easier) proof here for completeness. 

Proposition 3.1. Finite monoids are stable. 

Proof. We handle only the first of the two conditions. Trivially, mnM = 
mM implies MmnM = MmM. For the converse, assume MmnM = 
MmM. Clearly, mnM C mM. Suppose that u,v (z M with umnv = m. 
Then mM C umnM and hence |mM| < \umnM\ < \mnM\ < \mM\. It 
follows that mM = mnM. □ 

An important consequence is the following. Let G be the group of units 
of a finite monoid M. By stability, it follows that every right /left unit of 
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M is a unit and consequently M \ G is an ideal. Indeed, suppose m has a 
right inverse n, i.e., mn = 1. Then MmM = M = MIM and so by stability 
Mm = M. Thus m has a left inverse and hence an inverse. The following 
result is usually proved via stability, but we use instead the techniques of 
this paper. 

Proposition 3.2. Let M be a finite monoid and suppose that e, f (z E{M). 
Then eM ^ fM if and only if MeM = MfM. Consequently, if e, f G 
E{M) with MeM = MfM, then eMe = fMf and hence Ge = Gf. 

Proof. If eM = fM, then by Proposition 12.81 that there exist m € fMe and 
m' G eMf with m'm = e and mm' = f. Thus MeM = MfM. 

Conversely, if MeM = MfM, choose u,v (z M with uev = f and put m = 
fue, m' = evf. Then m G fMe, m' S eMf and mm' = fueevf = f. Thus 
the morphism : eM — )• fM corresponding to m (as per Proposition 12. 8p 
is surjective and in particular |/M| < \eM\. By symmetry, \eM\ < \fM\ 
and so Fm is an isomorphism by finiteness. 

The last statement follows since eM = fM implies that eMe = fMf by 
Proposition 12.81 and hence Ge — Gf. □ 

A finite monoid M has a unique minimal ideal I{M). Indeed, if /i, /2 are 
ideals, then /1/2 C /i n /2 and hence the set of ideals of M is downward 
directed and so has a unique minimum by finiteness. Trivially, I{M) = 
MmM = I{M)mI{M) for any m € I{M) and hence I{M) is a simple semi- 
group (meaning it has no proper ideals). Such semigroups are determined 
up to isomorphism by Rees's theorem |2i p 55 t [56] as Rees matrix semigroups 
over groups. However, we shall not need the details of this construction in 
this paper. 

If m G I{M), then m'^ S and so I{M) contains idempotents. Let 

e G E(I{M)). The following proposition is a straightforward consequence of 
the structure theory of theory of finite semigroups. We include a somewhat 
non-standard proof using transformation monoids. 

Proposition 3.3. Let M be a finite monoid and e G E{L{M)). Then 

(1) eM is a transitive M-set; 

(2) eMe = G^; 

(3) Ge is the automorphism group of eM. In particular, eM is a free 
left Ge-set; 

(4) If f e E{I{M)), then fM ^ eM and hence Ge = Gf. 

Proof. If m G eM, then m = em and hence, as MemM = I{M) = MeM, 
stability yields eM = emM = mM. Thus eM is a transitive M-set. Since 
eM is finite. Proposition 12.41 shows that the endomorphism monoid of eM 
coincides with its automorphism group, which moreover acts freely on eM. 
But the endomorphism monoid is eMe by Proposition 12.81 Thus eMe = Ge 
and eM is a free left Gg-set. For the final statement, observe that MeM = 
I{M) = MfM and apply Proposition [321 □ 
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It is useful to know the following classical characterization of the orbits 
of Ge on eM. 

Proposition 3.4. Let e G E{I{M)) and m,m' G eM . Then Gem = Gem' 
if and only if Mm = Mm' . 

Proof. This is immediate from the dual of Proposition 12.10] and the fact that 
eMe = Ge. □ 

An element s of a semigroup S is called (von Neumann) regular if s = sts 
for some t ^ S. For example, every element of is regular [21J. It is well 
known that, for a finite monoid M, every element of I{M) is regular in the 
semigroup I{M). In fact, we have the following classical result. 

Proposition 3.5. Let M he a finite monoid. Then the disjoint union 

L{M) = [+J Ge 

e&E{I(M)) 

is valid. Consequently, each element of I{M) is regular in I{M) . 

Proof. Clearly maximal subgroups are disjoint. Suppose m G L{M) and 
choose > so that e = m^ is idempotent. Then because 

MeM = Mmm^'^M = L{M) = MmM, 

we have by stability that eM = mM. Thus em = m and similarly me = m. 
Hence m G eMe = Ge. This establishes the disjoint union. Clearly, if g is 
in the group Ge, then gg~^g = g and so g is regular. □ 

The next result is standard. Again we include a proof for completeness. 

Proposition 3.6. Let N be a submonoid of M and suppose that n,n' (z N 
are regular in N. Then nN = n'N if and only if uM = n'M and dually 
Nn = Nn' if and only if Mn = Mn' . 

Proof. We handle only the case of right ideals. Trivially, nN = n'N implies 
nM = n'M. For the converse, suppose nM = n'M. Write n' = n'bn' with 
6 G A^. Assume that n = n'm with m G M. Then n'bn = n'bn'm = n'm = n 
and so nN C n'N. A symmetric argument establishes n'N C nN. □ 

In the case M < Tq, the minimal ideal has a (well-known) natural de- 
scription. Let O be a finite set and let f £ Tq. Define the rank of / 

Mf) = \fm\ 

by analogy with linear algebra. It is well known and easy to prove that 
TnfTfi = T^gTQ if and only if rk(/) = rk(g) |2ip33j. By stability it follows 
that f (z G ii and only if rk(/) = rk(/^). The next theorem should be 
considered folklore. 

Theorem 3.7. Let (17, M) be a transformation monoid with finite. Let r 
be the minimum rank of an element of M . Then 

L{M) = {m G M I rk(m) = r}. 
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Proof. Let J = {m E M \ rk(m) = r}; it is clearly an ideal and so I{M) C J. 
Suppose m £ J. Then E J and so rk(m^) = r = rk(m). Thus m belongs 
to the maximal subgroup of Tfi at m'^ and so = m for some k > 0. It 
follows that m is regular in M. Suppose now that e G E{I{M)). Then we 
can find u,v G M with umv = e. Then eume = e and so eumM = eM. 
Because rk(enm) = r = rk(m), it follows that T^eum = Tqiti by stability. 
But eum and m are regular in M (the former by Proposition 13.5^ and thus 
Meum = Mm by Proposition 13.61 Thus m £ I{M) completing the proof 
that J = I{M). □ 

We call the number r from the theorem the min-rank of the transfor- 
mation monoid {^},M). Some authors call this the rank of M, but this 
conflicts with the well-established usage of the term "rank" in permutation 
group theory. 

In one has /Tq = gT^ if and only if ker / = ker g and T^f = Tfig if 
and only if ^If = Qg |2ip33j. Therefore, Proposition 13.61 immediately yields: 

Proposition 3.8. Let (0, M) be a finite transformation monoid and suppose 
m,m' G Then mM = m'M if and only i/kerm = kerm' and Mm = 

Mm' if and only ifflm = Vim' . 

The action of M on i7 induces an action of M on the power set P[^). 
Define 

minM(f^) = {^m \ m S I{M)} 
to be the set of images of elements of M of minimal rank. 

Proposition 3.9. The set minA,/(f^) is an M -invariant subset of P{0,). 

Proof. Observe that minAf(r2) = {il.}I{M) and the latter set is trivially 
M-invariant. □ 

Let s G I{M) and suppose that kers = {Pi, . . . , Pr}. Then if X e 
minjvf(^^), the fact that r = \Xs\ = \X\ implies that \X Ci Pi\ < 1 for 
i = 1, . . . ,r. But since ker s is a partition into r = |X[ blocks, we conclude 
that [X n Pj| = 1 for all i = 1, . . . , r. We state this as a proposition. 

Proposition 3.10. Let X € minAf(f^) and s G liM). Suppose that P is 
a block of ker s. Then \X f] P\ = 1. In particular, right multiplication by s 
induces a bijection X Xs. 

We now restate some of our previous results specialized to the case of 
minimal idempotents. See also 

Proposition 3.11. Let [Vl,M) be a finite transformation monoid and let 
e G E{I{M)). Then: 

(1) (rie, Ge) is a permutation group of degree the min-rank of M; 

(2) \ne/Ge\ > \nom; 

(3) If M is transitive on Q, then {Qe,Ge) is a transitive permutation 
group. 



A THEORY OF TRANSFORMATION MONOIDS 



17 



Another useful and well-known fact is that if (17, M) is a finite transitive 
transformation monoid, then I{M) is transitive on 0. 

Proposition 3.12. Let (17, M) he a finite transitive transformation monoid. 
Then the semigroup I{M) is transitive onO, (i.e., there are no proper I{M)- 
invariant subsets). 

Proof. If a G fi, then aI{M) is M-invariant and so aI{M) = $7. □ 

In the case that the maximal subgroup Gg of the minimal ideal is trivial 
and the action of M on 17 is transitive, one has that each element of I{M) 
acts as a constant map and 17 = eM. This fact should be considered folklore. 

Proposition 3.13. Let (17, M) he a finite transitive transformation monoid 
and let e e E{L{M)). Suppose that Ge is trivial. Then L{M) = eM, 17 ^ eM 
and L{M) is the set of constant maps on 17. 

Proof If / e E{L{M)), then Gf ^ Ge implies Gf is trivial. Proposition [33] 
then implies that L{M) consists only of idempotents. By Proposition 13. IH 
the action of Gf on 17/ is transitive and hence |17/| = 1; say 17/ = {w/}. 
Thus each element of L{M) is a constant map. In particular, ef = f for all 
/ G L{M) and hence eM = L{M). By transitivity of L{M) on 17 (Proposi- 
tion I3.12P , we have that each element of 17 is the image of a constant map 
from L{M). Consequently, we have a bijection eM — )■ 17 given by / i-^ 
(injectivity follows from faithfulness of the action on 17). The map is a mor- 
phism of M-sets because if m € M, then fm G L{M) and 17/m = {wjm} 
and so ojjm = cofm by definition. This shows that 17 = eM. □ 

Let us relate L(M) to the socle of 17. 

Proposition 3.14. Let (17, Af) be a finite transformation monoid. Then 
17/(M) = Soc(17). Hence the min-ranks of 0, and Soc(17) coincide. 

Proof. Let a G Soc(17). Then aM is a minimal cyclic sub-M-set and hence 
a transitive M-set. Therefore, aM = aI{M) by transitivity of M on aM 
and so a G 17/(M). Conversely, suppose that a G 17/(M), say a = com with 
a; G 17 and m G I{M). Let j3 G aM. We show that j3M = aM, which will 
establish the minimality of aM. Suppose that f3 = an with n G M. Then 
/3 = ojmn and mn G L{M). Stability now yields mM = mnM and so we 
can find n' £ M with mnn' = m. Thus /3n' = uomnn' = com = a. It now 
follows that aM is minimal and hence a G Soc(17). □ 

3.2. Wreath products. We shall mostly be interested in transitive (and 
later 0-transitive) transformation semigroups. In this section we relate tran- 
sitive transformation monoids to induced transformation monoids and give 
an alternative description of certain tensor products in terms of wreath prod- 
ucts. This latter approach underlies the Schiitzenberger representation of a 
monoid [2Tl[56l[63] . Throughout this section, M is a finite monoid. 
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Not all finite monoids have a faithful transitive representation. A monoid 
M is called right mapping with respect to its minimal ideal if it acts faith- 
fully on the right of I{M) [42l[56]. Regularity implies that if ei, . . . ,6^ are 
idempotents forming a transversal to the .^-classes of I{M), then I{M) = 
\£iiLi ^kM. (Indeed, if mnm = m, then mn is idempotent and mM = 
mnM.) But all these right M-sets are isomorphic (Proposition I3.3| ). Thus 
M is right mapping with respect to I{M) if and only if M acts faithfully on 
eM for some (equals any) idempotent of I{M) and so in particular M has 
a faithful transitive representation. The converse is true as well. 

Proposition 3.15. Let (f],M) he a transformation monoid and let e G 
E{M). Suppose that Vi = QeM , e.g., if M is transitive. Then M acts 
faithfully on eM and there is a surjective morphism f : mde{i^e) Q of 
M-sets. 

Proof. The counit of the adjunction yields a morphism /: inde(ile) Q, 
which is surjective because 

/(inde(J7e)) = /(inde(J7e)eM) = QeM = n 

where we have used Proposition 12.91 and that / takes inde(f2e)e bijectively 
to fie. Trivially, if m, m' € M act the same on eM, then they act the same 
on inde(fie) = fig ®eMe eM. It follows from the surjectivity of / that m, m' 
also act the same on fi and so m = m' . □ 

As a consequence we see that a finite monoid M has a faithful transitive 
representation if and only if it is right mapping with respect to its minimal 
ideal. 

Suppose that (fi,M) and (A,A^) are transformation monoids. Then 
acts on the left of the monoid M^ by endomorphisms by putting nf{X) = 
f{Xn). The corresponding semidirect product M^ x A^ acts faithfully on 
fi X A via the action 

{u;,X)if,n) = {u;f{X),Xn). 

The resulting transformation monoid {ft x A, M^ x N) is called the trans- 
formation wreath product and is denoted (fi,M) ; (A, A"). The semidirect 
product M^ X A^ is denoted M ; (A, A^). The wreath product is well known 
to be associative on the level of transformation monoids |27j . 

Suppose now that M is finite and e G E{I{M)). Notice that since Ge 
acts on the left of eM by automorphisms, the quotient set Ge\eM has 
the structure of a right M-set given by Ggn ■ m = Genm. The resulting 
transformation monoid is denoted (Cre\eM, RLM(M)) in the literature [42^ 
156] . The monoid RLM(M) is called right letter mapping of M. 

Let's consider the following slightly more general situation. Suppose that 
G is a group and M is a monoid. Let A be a right M-set and suppose that G 
acts freely on the left of A by automorphisms of the M-action. Then M acts 
naturally on the right of G\A. Let S be a transversal to G\A; then A is a free 
G-set on B. Suppose that fi is a right G-set. Then Proposition 12.61 shows 
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that Qf^G-^ is ™ bijection with fix B and hence in bijection with ft x G\A. 
If we write GX for the representative from B of the orbit GX and define 
gx £ G hy X = gxGX, then the bijection is w (S" A ^ i^gx, GX) {cogx, GX). 
The action of M is then given by (w, GX)m = {^ffox^, GXm). This can be 
rephrased in terms of the wreath product, an idea going back to Frobenius 
for groups and Schiitzenberger for monoids [2T1[22] ; see also [l9] for a recent 
exposition in the group theoretic context. 

Proposition 3.16. Let (A,M) be a transformation monoid and suppose 
that G is a group of automorphisms of the M-set A acting freely on the left. 
Let fl be a right G-set. Then: 

(1) Iffl is a transitive G-set and A is a transitive M-set, then fi^c^ — 
0, X G\A is a transitive M-set. 

(2) Ifflisa faithful G-set, then the action of M on fl ®g A = x G\A 
is faithful and is contained in the wreath product 

{n,G)l{G\A,M) 

where M is the quotient of AI by the kernel of its action on G\A. 

Proof. We retain the notation from just before the proof. We begin with 
(1). Let (acGAo) and (ai,GAi) be elements of x G\A. Without loss of 
generality, we may assume Aq, Ai G B. By transitivity we can choose m € M 
with Xom = Ai. Then {aQ,GXo)m = (ao,GAi). Then by transitivity of G, 
we can find g € G with a'g = ai. By transitivity of M, there exists m' G M 
such that gXi = Aim'. Then GXim' = Ai and gxim' = 9- Therefore, 

(ao, GXi)m' = {a^gx^m' ,GXi) = {a^g, GXi) = (ai, GAi). 

This establishes the transitivity of M on CS)g ^■ 

To prove (2), first suppose that m ^ m' are elements of M. Then we 
can find A € A such that Am ^ Am'. Then gXm ^ gXm' for all g G G and 
so we may assume that X £ B. If GAm ^ GXm' , we are done. Otherwise, 
Am = gxrriGXm and Am' = gxm'GXm and hence gxm dx-m'- Thus by 
faithfulness of the action of G, we have a G 0, such that agxm 7^ oigxm'- 
Therefore, we obtain 

(a, GA)m = [agxm^GXm) ^ {agxm' ,GXm) = {a,GX)m' 

establishing the faithfulness of M on 17 (8)g ^• 

Finally, we turn to the wreath product embedding. Write m for the class 
of m € M in the monoid M. For m G M, we define fm ■ G\A Q hy 
fm{GX) = 9GXm- Then (fm,^) is an element of the semidirect product 
G^^^ XI M and if a G 17 and A G A, then 

{a,GX){fra,m) = {afm{GX),GXm) = {ag^^,GXm) = {a,GX)m 

as required. Since the action of M on x G\A is faithful, this embeds M 
into the wreath product. □ 
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A particularly important case of this result is when (fi, M) is a transitive 
transformation monoid and G is a group of M-set automorphisms of $7; the 
action of G is free by Proposition 12.41 Observing that 17 = G^g ^) we have 
the following corollary. 

Corollary 3.17. Let (17, M) be a transitive transformation monoid and G a 
group of automorphisms of ($7, M) . Then Q is in bijection with G x G\17 and 
the action of M on 17 is contained in the wreath product (G, G) I (G\17, M) 
where M is the quotient of M by the kernel of its action on G\Q. 

Another special case is the following slight generalization of the classical 
Schiitzenberger representation [2T1l42[|56j , which pertains to the case 17 = Gg 
(as inde(Ge) = eM); cf. [22]. 

Corollary 3.18. Suppose that M is a finite right mapping monoid (with 
respect to I{M)) and let e G E(I{M)). If Q is a transitive Ge-set, then 
inde(l^) is a transitive M-set. Moreover, if 17 is faithful, then inde(17) is 
a faithful M-set and (inde(l^),M) is contained inside of the wreath product 
(17, Ge) ; (Ge\eM,RLM(M)). 

Thus faithful transitive representations of a right mapping monoid M are, 
up to division [27lll2l[56] , the same things as wreath products of the right 
letter mapping representation with transitive faithful permutation represen- 
tations of the maximal subgroup of I{M). 

4. Finite 0-transitive transformation monoids 

In this section we begin to develop the corresponding theory for finite 
0-transitive transformation monoids. Much of the theory works as in the 
transitive case once the correct adjustments are made. For this reason, we 
will not tire the reader by repeating analogues of all the previous results in 
this context. What we call a 0-transitive transformation monoid is called 
by many authors a transitive partial transformation monoid. 

Assume now that (O, M) is a finite 0-transitive transformation monoid. 
The zero map, which sends all elements of 17 to 0, is denoted 0. 

Proposition 4.1. Let (17, M) be a finite 0-transitive transformation mon- 
oid. Then the zero map belongs to M and I{M) = {0}. 

Proof. Let e G E{I{M)). First note that G 17e. Next observe that if 
7^ a G r2e, then aeMe = aMe = 17e and hence Gg = eMe is transitive 
on 17e. But is a fixed point of Ge and so we conclude that 17e = {0} and 
hence e = 0. Then trivially I{M) = MeM = {0}. □ 

An ideal / of a monoid M with zero is called 0-minimal if / 7^ and the 
only ideal of M properly contained in / is {0}. It is easy to see that / is 
0-minimal if and only if MaM = I for all a G / \ {0}, or equivalently, the 
action of M°p x M on / is 0-transitive. In a finite monoid M with zero, a 
0-minimal ideal is regular (meaning all its elements are regular in M) if and 
only if = I [2ll[56]. We include a proof for completeness. 
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Proposition 4.2. Suppose that I is a 0-minimal ideal of a finite monoid 



Proof. If / is regular and 7^ m G /, then we can write m = mnm with 
n ^ M and so m = m{nm) G It follows = I. Conversely, if = I 
and m (z I \ {0}, then we can write m = ab with a,b £ I \ {0}. Then 
MmM = MabM = MaM = MbM and so stability yields mM = aM 
and Mm = Mb. Therefore, we can write a = mx and b = ym and hence 
m = mxym is regular. 

For the final statement, suppose I ^ I^. Then is an ideal strictly 
contained in I and so = 0. □ 

Of course if / is regular, then it contains non-zero idempotents. Using 
this one can easily show [211156] that each element of I is regular in the 
semigroup /. In fact, I is a 0-simple semigroup and hence its structure is 
determined up to isomorphism by Rees's theorem [2111551156] . 

If n is an M-set and A is an M-set with 0, then the map sending each 
element of to is an M-set map, which we again call the zero map and 
denote by 0. 

Proposition 4.3. Let i7 be an M-set and A a 0-transitive M-set. Then 
every non-zero morphism /: — )• A of M -sets is surjective. 

Proof. If /: 17 — )• A is a non-zero morphism, then 7^ fi^) is M-invariant 
and hence equals A by 0-transitivity. □ 

As a corollary we obtain an analogue of Schur's lemma. 

Corollary 4.4. Let 0, be a finite 0-transitive M-set. Then every non-zero 
endomorphism ofQ. is an automorphism. Moreover, AutA/(r2) acts freely on 



Proof. By Proposition 14.31 any non-zero endomorphism of VI is surjective 
and hence is an automorphism. Since any automorphism of O fixes (as it 
is the unique sink by Proposition 12. ip . it follows that Q. \ {0} is invariant 
under AutA/(r2). If / E AutM(^), then its fixed point set is M-invariant 
and hence is either or all of Jl. This shows that the action of Autj\/(r2) on 



We can now prove an analogue of Proposition 13.31 for 0-minimal ideals. 
Again this proposition is a well-known consequence of the classical theory of 
finite semigroups. See pT] for the corresponding result in the more general 
situation of unambiguous representations of monoids. 

Proposition 4.5. Let M be a finite monoid with zero, let I be a regular 
0-minimal ideal and let e € E{I) \ {0}. Then: 

(1) eM is a 0-transitive M-set; 




I. Moreover, if I ^ l"^ , then 



Q\{0}. 



n \ {0} is free. 



□ 



(2) eMe = Ge U {0}; 



22 



BENJAMIN STEINBERG 



(3) Ge is the automorphism group of the M-set eM and so in particular, 
eM \ {0} is a free left Ge-set; 

(4) If f e E{I) \ {0}, then fM ^ eM and hence Ge = Gf, moreover, 
one has fMe \ {0} and eM f \ {0} are in bijection with Ge- 

Proof. Trivially G eM. Suppose that 7^ m G eM. Then m = em and 
hence, as MmM = MemM = MeM, stability yields niM = eM. Thus 
eM is a 0-transitive M-set. Since eM is finite, Corollary 14.41 shows that the 
endomorphism monoid of eM consists of the zero morphism and its group 
of units, which acts freely on eM \ {0}. But the endomorphism monoid is 
eMe by Proposition Thus eMe = Ge U {0} and eM \ {0} is a free left 
Ge-set. 

Now we turn to the last item. Since MeM = I = MfM, we have that 
eM = fM by Proposition 13.21 Clearly the automorphism group Ge of eM 
is in bijection with the set of isomorphisms eM — > fM; but this latter set is 
none other than /Me \ {0}. The argument for eMf \ {0} is symmetric. □ 

Of course the reason for developing all this structure is the folklore fact 
that a finite 0-transitive transformation monoid has a unique 0-minimal 
ideal, which moreover is regular. Any element of this ideal will have minimal 
non-zero rank. 

Theorem 4.6. Let (il,M) be a finite 0-transitive transformation monoid. 
Then M has a unique 0-minimal ideal I; moreover, I is regular and acts 
-transitively (as a semigroup) on il. 

Proof. We already know that G M by Proposition 14.11 Let / be a 0- 
minimal ideal of M (it has one by finiteness). Then ni is M-invariant. It 
is also non-zero since / contains a non-zero element of M. Thus Q.I = Q.. 
Therefore, 0.1^ = 0,1 = Q and so 7^ 0. We conclude by Proposition 14.21 
that / is regular. This also implies the 0-transitivity of / because if 7^ 
a € ft, then al 3 aMI = 0/ = i}. Finally, suppose that /' is any non-zero 
ideal of M. Then m' / and is M-invariant. Thus n = QI' = 0.11' and 
so 7^ //' C In/'. By 0-minimality, we conclude I = I Dl' C /' and hence 
/ is the unique 0-minimal ideal of M. □ 

We also have the following analogue of Proposition I3.11T 3). 

Proposition 4.7. Let (0,M) be a finite 0-transitive transformation monoid 
with 0-minimal ideal I and let ^ e (z E{L). Then {Q.e \ {0},Ge) is a 
transitive permutation group. 

Proof. If 7^ a G r2e, then aeMe = aMe = Oe. But eMe = Ge U {0} and 
hence aGe = Cle\ {0} (as is a fixed point for Ge). □ 

Again, in the case that Ge is trivial, one can say more, although not as 
much as in the transitive case. 
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Proposition 4.8. Let (il,M) he a finite 0-transitive transformation monoid 
with 0-minimal ideal I and let ^ e €z E{I). Suppose that Ge is trivial. 
Then each element of I \ {0} has rank 2 and Q = eM . 

Proof. First observe that since Ge is trivial, Proposition 14.71 implies that fie 
contains exactly one non-zero element. Thus, for each m € / \ {0}, there is 
a unique non-zero element € so that Qm = {0,0;^}, as all non-zero 
elements of / have the same rank and have in their image. We claim that 
1-^ and m uJm gives an isomorphism between eM and 0. First we verify 
injectivity. Since m G eM \ {0} implies eM = mM, all elements of eM \ {0} 
have the same kernel. This kernel is a partition {Pi, P2} of with G Pi. 
Then all elements of eM send Pi to and hence each element of eM is 
determined by where it sends P2. Thus m 1— )• Um is injective on eM. Clearly 
it is a morphism of M-sets because if m G eM \ {0} and n G M, then either 
run = and hence UJmn G ^Imn = {0} or {0,Umn} = ^mn = {{i^oomn}. 
Finally, to see that the map is surjective observe that uj^e = Ue and so 
{0} 7^ WgcM. The 0-transitivity of M then yields uJeeM = $7. But then if 
/ a G we can find m G eM \ {0} so that a = ojem = ujem = i^m- This 
completes the proof. □ 

One can develop a theory of induced and coinduced M-sets with zero and 
wreath products in this context and prove analogous results, but we avoid 
doing so for the sake of brevity. We do need one result on congruences. 

Proposition 4.9. Let (0,, M) he a finite 0-transitive transformation monoid 
with 0-minimal ideal I and letO ^ e £ E{L)- Suppose that = is a congruence 
on (Oe \ {0}, Ge). Then there is a unique largest congruence =' on 0, whose 
restriction to fie \ {0} is =. 

Proof. First extend = to fie by setting = 0. Then = is a congruence for 
eMe = Ge U {0} and any congruence ~ whose restriction to fie \ {0} equals 
= satisfies ~ 0. The result now follows from Proposition 12.151 □ 

A monoid M that acts faithfully on the right of a 0-minimal ideal I is said 
to be right mapping with respect to I [42')'56]. In this case / is the unique 
0-minimal ideal of M, it is regular and M acts faithfully and 0-transitively 
on eM for any non-zero idempotent e G E{L). Conversely, if {fl, M) is finite 
0-transitive, then one can verify (similarly to the transitive case) that if 
7^ e G E{I), where / is the unique 0-minimal ideal of M, then M acts 
faithfully and 0-transitively on eM and hence is right mapping with respect 
to /. Indeed, if 7^ a; G fie, then ujcM is non-zero and M-invariant, whence 
fl = uieM. Thus if m,m' £ M act the same on eM, then they also act the 
same on fl. Alternatively, one can use induced modules in the category of 
M-sets with zero to prove this. 

5. Primitive transformation monoids 

A transformation monoid (f],M) is primitive if it admits no non-trivial 
proper congruences. In this section, we assume throughout that \fl\ is finite. 
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Trivially, if < 2 then (0, M) is primitive, so we shall also tacitly assume 
that \n\ > 3, 

Proposition 5.1. Suppose that (r2,M) is a primitive transformation mon- 
oid with 2 < Then M is either transitive or 0-transitive. In particular, 
M is weakly transitive. 

Proof. If A is an M- invariant subset, then consideration of fi/A shows that 
either A = or A consists of a single point. Singleton invariant subsets 
are exactly sinks. However, if a, (3 are sinks, then {a, f3} is an M-invariant 
subset. Because |0| > 2, we conclude that has at most one sink. 

First suppose that has no sinks. Then if a E 0, one has that aM ^ {a} 
and hence by primitivity aM = fl. As a was arbitrary, we conclude that M 
is transitive. 

Next suppose that has a sink 0. We already know it is unique. Hence 
if / a G M, then aM / {a} and so aM = Q. Thus M is 0-transitive. 

The final statement follows because any transitive or 0-transitive action 
is trivially weakly transitive. □ 

The following results constitute a transformation monoid analogue of 
Green's results relating simple modules over an algebra A with simple mod- 
ules over eAe for an idempotent e, cf. |32^, Chapter 6]. 

Proposition 5.2. Let {i},M) be a primitive transformation monoid and 
e G E{M). Then {Qe,eMe) is a primitive transformation monoid. More- 
over, if \Qe\ > 1, then Q = inde(f^e)/=' where — is the congruence on 
inde(ile) associated to the trivial congruence = on inde(r2e)e = Qe as per 
Proposition \2.15[ 

Proof. Suppose first that {Qe, eMe) admits a non-trivial proper congruence 
= . Then Proposition 12.151 shows that =' is a non-trivial proper congruence 
on Q. This contradiction shows that (rie, eMe) is primitive. 

Next assume \Qe\ > 1. The counit of the adjunction provides a morphism 

/ : inde(r2e) Q. 

As the image is M-invariant and contains Qe, which is not a singleton, it 
follows that / is surjective. Now ker / must be a maximal congruence by 
primitivity of fi. However, the restriction of / to inde(r2e)e = ile is injective. 
Proposition 12.151 shows that =' is the largest such congruence on mde{^e). 
Thus ker / is =', as required. □ 

Of course, the case of interest is when e belongs to the minimal ideal. 

Corollary 5.3. Suppose that {^l, M) is a primitive transitive transformation 
monoid and that e G E{I{M)). Then (fie, Ge) is a primitive permutation 
group. If Ge is non-trivial, then = inde(fie)/='. 

This result is analogous to the construction of the irreducible representa- 
tions of M [30]. 
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In the transitive case if Gg is trivial, then we already know that Q = 
eM = inde(f^e) (since \Qe\ = 1) and that I{M) consists of the constant 
maps on VL (Proposition I3.13"|) . In this case, things can be quite difficult 
to analyze. For instance, let (il,G) be a permutation group and let (r2,G) 
consist of G along with the constant maps on il. Then it is easy to see 
that (il,G) is primitive if and only if (f^,G) is primitive. The point here is 
that any equivalence relation is stable for the ideal of constant maps and so 
things reduce to G. 

Sometimes it is more convenient to work with the coinduced action. The 
following is dual to Proposition 15. 2i 

Proposition 5.4. Let (il,M) he a primitive transformation monoid and let 
e G E{M) with |ile| > 1. Then there is an embedding g: Q ^ coinde(r2e) 
of M-sets. The image of g is coinde(ile)eM, which is the least M -invariant 
subset containing coinde(fie)e = ile. 

Proof. The unit of the adjunction provides the map g and moreover, g is 
injective on fie. Because \Vte\ > 1, it follows that g is injective by primitivity. 
For the last statement, observe that VteM = by primitivity because |r2e| > 
1. Thus g{9) = g{ne)eM = coinde(f^e)eM. □ 

We hope that the theory of primitive permutation groups can be used 
to understand transitive primitive transformation monoids in the case the 
maximal subgroups of I{M) are non-trivial. 

Next we focus on the case of a 0-transitive transformation monoid. 

Proposition 5.5. Let (il,M) he a 0-transitive primitive transformation 
monoid with 0-minimal ideal L and suppose 7^ e G E[L). Then one has 
that (Jle \ {0}, Gg) is a primitive permutation group. 

Proof. If (r2e\{0}, Gg) admits a non-trivial proper congruence, then so does 
by Proposition 14.91 □ 

Again one can prove that (17, M) is a quotient of an induced M-set with 
zero and embeds in a coinduced M-set with zero when \VLe \ {0}| > 1. In 
the case that Gg is trivial, we know from Proposition 14.81 that = eM and 
each element of the 0-minimal ideal I acts on Q by rank 2 transformations 
(or equivalently by rank 1 partial transformations on J7 \ {0}). 

Recall that a monoid M is an inverse monoid if, for each m G M, there 
exists a unique m* G M with mm*m = m and m*mm*. Inverse monoids 
abstract monoids of partial injective maps, e.g.. Lie pseudogroups [44]. It is 
a fact that the idempotents of an inverse monoid commute |2ip44j. We shall 
use freely that in an inverse monoid one has eM = mM with e G E[M) if 
and only if mm* = e and dually Me = Mm if and only if m*m = e. We 
also use that (mn)* = n*m* [44J. 

The next result describes all finite 0-transitive transformation inverse 
monoids (transitive inverse monoids are necessarily groups). This should be 
considered folklore, although the language of tensor products is new in this 
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context; more usual is the language of wreath products. The corresponding 
results for the matrix representation associated to a transformation inverse 
monoid can be found in [66j . 

Theorem 5.6. Let (fi, M) be a finite transformation monoid with M an 
inverse monoid. 

(1) If M is transitive on 0, then M is a group. 

(2) If Q. is a 0-transitive M-set, then M acts on 0,\ {0} by partial in- 
fective maps and VI = (J7e \ {0}) ®Ge. where e is a non-zero 
idempotent of the unique 0-minimal ideal I of M . 

Proof. Suppose first that M is transitive on 17. It is well known that the 
minimal ideal I{M) of a finite inverse monoid is a group [2lki42. 56j. Let e 
be the identity of this group. Then since I{M) is transitive on Q, we have 
Q = rie. Thus e is the identity of M and so M = I{M) is a group. 

Next suppose that M is 0-transitive on Q,. Let / be the 0-minimal ideal 
of M and let e S E[I) \ {0}. We claim that ae 7^ implies a G Vte. Indeed, 
if ae 7^ 0, then ael = Vt and so we can write a = aem with m ^ I. Then 
aeme = ae 7^ 0. Thus erne is a non-zero element of eMe = Gg U {0}. 
Therefore, e = {eme)*eme = errfeme and hence m*me = m*mem*eme = 
em*eme = e. But em*m = m*me = e and thus e G m*mMm*m = 
Gm*m U {0}. We conclude e = m*m. Thus a = aem = aemm*m = aeme 
and so a G Oe. Of course, this is true for any idempotent of E{I) \ {0}, not 
just for e. 

Now let / G E{M) \ {0} and suppose that ujf ^ 0. We claim ojf = uj. 
Indeed, choose a G fi/ \ {0}. Then a/ = $7 by 0-transitivity and so 
we can write uj = am with m (z I. Then ojf = amf. Because a = 
amf{mf)*{mf) it follows that amf{mf)* 7^ 0. The previous paragraph 
applied to mf{mf)* G E{I) \ {0} yields a = amf{mf)* = amfm*. There- 
fore, u = am = amfm*m = amf = uf. 

Suppose next that uji,uj2 G 17 \ {0} and m ^ M with wim = L02m 7^ 
0. Then uoimm* = u}2mm* 7^ and so by the previous paragraph oji = 
LOimm* = uj2mm* = 002- We conclude that the action of M on \ {0} by 
partial maps is by partial injective maps. 

Let e G E{I) \ {0} and put A = 17e \ {0}. Then (A,Ge) is a transitive 
permutation group by Proposition 14.71 Consider A ®Ge. Observe that 
if a, /? G A and ag = (3 with g G Ge, then /3(8)0 = a(7(8>0 = a(8)fl'0 = a(8)0. 
Thus A X {0} forms an equivalence class of A (^Ce that we denote by 0. 
It is a sink for the right action of M on A hence we can view 

the latter set as a right M-set with zero. 

Define F: A eM — )■ f2 by a (8) m 1— > am. This is well defined because 
the map A x eM — >■ 17 given by (a, m) 1— )• am is Gg-bilinear. The map -F is a 
morphism of M-sets with zero because F{a®m)m' = amm' = F{a(^mm') 
and is sent to 0. Observe that F is onto. Indeed, fix a G A. Then since 
aeM = aM = 17 by 0-transitivity, given a; G 17 \ {0}, we can find m G eM 
with oj = am. Thus u: = F{a m). We conclude that F is surjective. 



A THEORY OF TRANSFORMATION MONOIDS 



27 



To show injectivity, first observe that if F{a m) = 0, then m = 0. 
Indeed, assume m 7^ 0. Then m G eM \ {0} implies that eM = mM and 
hence mm* = e. Thus = amm* = ae = a. This contradiction shows that 
m = and hence only maps to 0. Next suppose that F{a®m) = F{f30n) 
with m,n €z eM \ {0}. Then am = fin. From mm* = e, we obtain 7^ 
a = ae = amm* = f3nm* and nm* € eMe \ {0} = Ge- Then e = nm*mn* 
and so nm*m = nm*mn*n = en = n. Therefore, a ^ m = f3nm* ® m = 
P nm*m = j3 ®n completing the proof that F is injective. □ 

This theorem shows that the study of (O-)transitive representations of 
finite inverse monoids reduces to the case of groups. It also reduces the 
classification of primitive inverse transformation monoids to the case of per- 
mutation groups. 

Corollary 5.7. Let M) he a primitive finite transformation monoid with 
M an inverse monoid. Then either (O, M) is a primitive permutation group, 
or it is 0-transitive and Gg = {e} for any non-zero idempotent e of the unique 
0-minimal ideal of M . In the latter case, (J7,M) = {eM,M). 

Proof. A primitive transformation monoid is either transitive or 0-transitive 
(Proposition 15. By Theorem 15.61 if (i},M) is transitive, then it is a prim- 
itive permutation group. Otherwise, the theorem provides an isomorphism 
(ri, M) = (r^e \ {0} 6-^; ^) where e is a non-zero idempotent in the 
0-minimal ideal of M. Suppose that \Ge\ > 1. Since Qe \ {0} is a faithful 
Ge-set, we conclude |r2e\{0}| > 1. Functoriality of the tensor product yields 
a non-injective, surjective M-set morphism 

(O, M) ^ ({*} eM, M) ^ iGe\eM, M). 

As and e are in different orbits of Ge, this morphism is non-trivial. This 
contradiction establishes that Ge is trivial. We conclude that ($7, M) = 
{eM, M) by Proposition |M1 □ 

Remark 5.8. A finite primitive transformation monoid (Q, M) can only have 
a non-trivial automorphism group G if M is a group. Indeed, consideration 
of G\Q shows that either G is trivial or transitive. But if G is transitive, 
then M is a monoid of endomorphisms of a finite transitive G-set and hence 
is a permutation group. 

6. Orbitals 

Let us recall that if {^l,G) is a transitive permutation group, then the 
orbits of G on Jl^ = X O are called orbitals. The diagonal orbital A is 
called the trivial orbital. The rank of G is the number of orbitals. For 
instance, G has rank 2 if and only if G is 2-transitive. Associated to each 
non-trivial orbital O is an orbital digraph T{0) with vertex set Q and edge 
set O. Moreover, there is a vertex transitive action of G on T{0). A classical 
result of D. Higman is that the weak and strong components of an orbital 
digraph coincide and that G is primitive if and only if each orbital digraph is 
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connected |18p25j . The goal of this section is to obtain the analogous results 
for transformation monoids. The inspiration for how to do this comes out 
of Trahtman's paper [72] on the Cerny conjecture for aperiodic automata. 
He considers there certain strong orbits of M on and it turns out that 
these have the right properties to play the role of orbitals. 

After coming up with the definition of orbital presented below, I did 
an extensive search of the literature with Google and found the paper of 
Scozzafava ^64j- In this paper, if (r2,M) is a finite transformation monoid, 
then a minimal strong orbit is termed an orbitoid. Scozzafava then views 
the orbitoids of M on as the analogue of orbitals. He provides two 
pieces of evidence to indicate that his notion of orbital is "correct". The 
first is that the number of orbitoids of M on il? is to equal the number 
of orbitoids of a point stabilizer on generalizing the case of permutation 
groups. The second is that from an orbitoid of il^, one obtains an action of 
M on a digraph by graph endomorphisms. However, this approach does not 
lead to a generalization of Higman's theorem characterizing primitivity of 
permutation groups in terms of connectedness of non-trivial orbital digraphs. 
Suppose for instance that G is a transitive permutation group on il. and M 
consists of G together with the constant maps on $7. Then the unique 
orbitoid of M on is the diagonal A and so one has no non-trivial orbitals 
in the sense of [64'. On the other hand, it is easy to see that M is primitive 
if and only if G is primitive. In fact, it is clear that if M contains constant 
maps, then there is no non-trivial digraph on preserved by M if we use 
the standard notion of digraph morphism. Our first step is to define the 
appropriate category of digraphs in which to work. 

6.1. Digraphs and cellular morphisms. A (simple) digraph T consists 
of a set of vertices V and an anti-reflexive relation EonVxV. If VjW gV, 
then there is an edge from v to w, denoted {v,w), if {v,w) G E. A walk p 
of length m in a digraph is a sequence of vertices vo,vi, . . . ,Vm such that, 
for each < i < m — 1, one has {vi,Vi+i) is an edge, or Vi = fi+i. In 
particular, for each vertex v, there is an empty walk of length consisting 
of only the vertex v. A walk is called simple if it never visits a vertex twice. 
The walk p is closed if vq = Vm- A closed non-empty walk is called a cycle 
if the only repetition occurs at the final vertex. If vq,vi,. . . ,Vm is a walk, 
then a deletion is a removal of a subwalk Vi,Vi^i with Vi = fi+i. A walk 
that admits no deletions is called non-degenerate; we consider empty walks 
as non-degenerate. Deletion is confluent and so from any walk vq, . . . ,Vm, 
we can obtain a unique nan- degenerate walk {vo,...,Vm)^ by successive 
deletions (the resulting path may be empty). 

Define a preorder on the vertices of T by putting v < w if there is a walk 
from w to V. Then the symmetric-transitive closure ~ of < is an equivalence 
relation on the vertices. If this relation has a single equivalence class, then 
the digraph T is said to be weakly connected or just connected for short. 
In general, the weak components of F are the maximal weakly connected 
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subgraphs of T. They are disjoint from each other and have vertex sets 
the ^-equivalence classes (with the induced edge sets). The digraph F is 
strongly connected if v < w and w < v hold for all vertices v, w. In general, 
the strong components are the maximal strongly connected subgraphs. A 
strong component is said to be trivial if it contains no edges; otherwise it is 
non-trivial. A digraph is said to be acyclic if all its strong components are 
trivial. In this case, the prcordcr < is in fact a partial order on the vertex 
set. It is easy to see that if a strong component is non-trivial, then each 
of its edges belongs to a cycle. Conversely, a digraph in which each edge 
belongs to a cycle is strongly connected. In particular, a digraph is acyclic 
if and only if it contains no cycles, whence the name. 

Usually morphisms of digraphs are required to send edges to edges, but we 
need to consider here a less stringent notion of morphism. Namely, we allow 
maps with degeneracies, i.e., that map edges to vertices. More precisely, 
if r = (y, E) and V = (V' , E') are digraphs, then a cellular morphism is 
a map fiV^V such that if {v,w) G E, then either f{v) = f{w) or 
(f{v),f{w)) E E' . The reason for the term "cellular" is that if we view 
graphs as 1-dimensional CW-complexes, then it is perfectly legal to map 
a cell to a lower dimensional cell. If p = vq,. . . ,Vm is a walk in F, then 
f{p) = /(^o), ■ ■ ■ , fivm) is a walk in F'; however, non-degenerate walks can 
be mapped to degenerate walks. It is trivial to see that if /: F — > F' is a 
morphism, then / takes weak components of F into weak components of F' 
and strong components of F into strong components of F'. 

A cycle C in a digraph F is minimal if it has minimal length amongst all 
cycles of F. Minimal cycles exist in non-acyclic digraphs and have length at 
least 2 because we do not allow loop edges. 

Proposition 6.1. Let f : T T be a cellular endomorphism ofT and let C 
be a minimal cycle of F. Then either f{C) is a minimal cycle or f{C)^ is 
empty. 

Proof. Let m be the length of C and suppose f{C)^ is non-empty. Then 
/(C)^ is a closed path of length at most m. If it is not a cycle, then it 
contains a proper subwalk that is a cycle of length smaller than the length of 
C, a contradiction. Thus f{C)^ is a cycle. But then minimality of C implies 
that f{C)^ has length m. Thus /(C) = f{C)^ is a minimal cycle. □ 

By an action of a monoid M on a digraph F = {V, E), we mean an action 
by cellular morphisms. In other words, M acts on V in such a way that 
the reflexive closure of E is stable for the action of M. We say the action 
is vertex transitive if M is transitive on V; we say that it is edge transitive 
if either M acts transitively on E or M acts 0-transitively on (£^ U A) / A 
where A = {{v,v) \ v e V} is the diagonal. Equivalently, for each pair of 
edges e, f E E, there is an element m E M with em = f where in the setting 
of monoid actions on digraphs, we shall use the notation of right actions. 
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Lemma 6.2. Suppose that T is a non-acyclic digraph admitting an edge 
transitive monoid M of cellular endomorphisms. Then every edge of T be- 
longs to a minimal cycle. 

Proof. Let C be a minimal cycle of F and fix an edge e of C. Suppose now 
that / is an arbitrary edge of T. By edge transitivity, there exists m £ M 
with em = f. Since (Cm)^ is non-empty (it contains the edge /), it follows 
that Cm is minimal by Proposition 16.11 This completes the proof. □ 

An immediate corollary of the lemma is the following result. 

Corollary 6.3. Suppose that T is a digraph admitting an edge transitive 
monoid of cellular endomorphisms. Then either T is acyclic or each weak 
component ofT is strongly connected. 

Proof. If r is not acyclic, then Lemma [6.21 shows that each edge of F belongs 
to a cycle. It is then immediate that each weak component is strongly 
connected (since the relation < is symmetric in this case). □ 

6.2. Orbital digraphs. Suppose now that (O, M) is a transitive transfor- 
mation monoid. Then M acts on il^ = O x by {a,fi)m = {am,l3m). 
Notice that A = {{a, a) [ a € $7} is a (minimal) strong orbit. We call A the 
trivial orbital of M. A strong orbit O 7^ A is an orbital if it is minimal in 
the poset (Q.'^/M) \ {A}, or equivalently if it is 0-minimal in Q.'^/A. Such 
orbitals are called non-trivial. This coincides with the usual group theoretic 
notion when M is a group |18y 25j. Non-trivial orbitals were first studied by 
Trahtman [72] under a different name in the context of the Cerny conjec- 
ture. The number of orbitals of M is called the rank of M because this is 
the well-established terminology in group theory. From now on we assume 
that is finite in this section. 

For permutation groups, it is well known |18p25| that the number of 
orbitals is equal to the number of suborbits (recall that a suborbit is an orbit 
of the point stabilizer). This is not the case for transformation monoids. For 
example, if O is a finite set of size n and M consists of the identity map and 
the constant maps, then there are — n + 1 orbitals, which is larger than 
the number of points of O. 

If O is a non-trivial orbital, then the corresponding orbital digraph T{0) 
has vertex set O and edge set O. Since O is a strong orbit, it follows that 
M acts edge transitively on T{0) by cellular morphisms. Hence we have the 
following immediate consequence of Corollary 16.31 

Theorem 6.4. Let (0, M) be a transformation monoid and let O be a non- 
trivial orbital. Then the orbital digaph F(C') is either acyclic or each weak 
component ofT{0) is strongly connected. 

It was shown by Trahtman [72] that if M is aperiodic, then T{0) is 
always acyclic (using different terminology: he speaks neither of digraphs 
nor orbitals). Here we recall that a finite monoid M is aperiodic if each 
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of its maximal subgroups Ge with e G E{M) is trivial, or equivalently, 
if M satisfies an identity of the form re" = x"^^. On the other hand, if 
M is a non-trivial group, then each weak component of r(0) is strongly 
connected [T81I25]. 

Let O be a non-trivial orbital. Then M either acts transitively on O (if 
it is a minimal strong orbit) or 0-transitively on the set O = (O U A)/A. In 
either case, the action need not be faithful. For example if I{M) consists of 
the constant maps on i}, then all of I{M) acts as the zero map on O. Let 
M{0) be the faithful quotient. If M is aperiodic, then so is M{0). 

Theorem 6.5. Let (f],M) he a finite transformation monoid and suppose 
that O is a non-trivial orbital. 

(1) If M acts transitively on O, then T{0) is acyclic if Ge is trivial for 
e G E{I{M{0))). 

(2) If M acts Q -transitively on O and e € E[I) \ {0} where I is the 
0-minimal ideal of M{0), then r(0) is acyclic if Ge is trivial. 

Proof. We handle (2) only as (1) is similar, but simpler. Suppose that Ge 
is trivial, but that T{0) is not acyclic. Since Ge is transitive on Oe \ A, we 
have \Oe \ A| = 1. Let (a,/3) G Oe \ A. By Lemma [621 (a,/?) belongs to 
some minimal cycle G . Let m (z M with m mapping to e in M{0). Then 
(a,/3)m = (a, /?) and so Gm is a minimal cycle by Proposition 16.11 If X is 
the set of edges of G, this yields that Xe is a subset of Oe \ A of size greater 
than 1. This contradiction shows that T{0) is acyclic. □ 

Theorem 16.51 admits the following corollary, due to Trahtman with a dif- 
ferent formulation. 

Corollary 6.6 (Trahtman [72]). Let (i7,M) be a transitive finite transfor- 
mation monoid with M aperiodic. The each non-trivial orbital digraph T{0) 
is acyclic and hence defines a non-trivial partial order on $7 that is stable 
for the action of M. 

If (ri,G) is a finite transitive permutation group, then a classical result 
of D. Higman says that G is primitive if and only if each non-trivial orbital 
digraph is strongly connected (equals weakly connected in this context) [T8| 
125] . We now prove the transformation monoid analogue. It is this result 
that justifies our choice of the notion of an orbital. 

Theorem 6.7. A finite transitive transformation monoid (17, M) is primi- 
tive if and only if each of its non-trivial orbital digraphs is weakly connected. 

Proof. Suppose first that (il,M) is primitive and let O be a non-trivial 
orbital. Then the partition of $7 into the weak components of r(0) is a non- 
trivial congruence. Indeed, as M acts by cellular morphisms, it preserves 
the weak components; moreover, T{0) has at least one edge so not all weak 
components are trivial. It follows by primitivity that there is just one weak 
component, i.e., T{0) is weakly connected. 
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Conversely, assume that each non-trivial orbital digraph is weakly con- 
nected and let = be a non-trivial congruence on Q. Then = is an M-invariant 
subset of strictly containing the diagonal A. By finiteness, we conclude 
that = contains a minimal strong orbit of \ {A}, that is, there is a 
non-trivial orbital O with O C =. The weak components of T{(D) are the 
equivalence classes of the equivalence relation generated by O and hence 
each weak component of T{0) is contained in a single =-class. But T(0) is 
weakly connected, so J7 is contained in a single =-class, that is, = is not a 
proper congruence. This completes the proof that {Q, M) is primitive. □ 

As a corollary, we obtain the following. 

Corollary 6.8. Let {Vt, M) he a primitive finite transitive transformation 
monoid with M aperiodic. Then admits a stable connected partial order. 

Later on, it will be convenient to have a name for the set of weak orbits 
of M on $7^. We shall call them weak orbitals. 



Our goal now is to study the representations associated to a transfor- 
mation monoid. The theory developed here has a different flavor from the 
group case because there is an interesting duality that arises. 

Fix for this section a finite transformation monoid ($7, M) and a field K of 
characterstic 0. Let KM be the corresponding monoid algebra. Associated 
to the M-set J7 are a right KM-module and a left KM-module together 
with a dual pairing. This pairing has already been implicitly exploited in a 
number of papers in the Cerny conjecture literature, e.g., [26l[38l[67l[68] . 

The transformation module associated to (ri, M) is the right if M- module 
Kn. That is we take a i^T- vector space with basis Q and extend the action 
of M on linearly: formally, for m ^ M, define 



The dual transformation module is the space K of iT- valued functions on 
with the left IT M- module structure given by mf{u) = f{ujm) for m M 
and / : ^ M. When M is a group, these two representations are the same 
under the natural correspondence between left modules and right modules, 
but for monoids these modules are simply dual to each other. 

There is a non-degenerate pairing ( , ) : KQ, x — )• K given by 



7. Transformation modules 





(7.1) 
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Observe that K has basis the Dirac functions with a; G 0. If m G M, 
then one verifies that 



and more generahy if 5 C and Is denotes the indicator (or characteristic) 
function of S, then 

mis = Ism-^- 

Intuitively, the action of M on is by inverse images and this is why KQ 
and contain the same information in the case of groups. 
The fohowing adjointness holds. 

Proposition 7.1. The left and right actions of m ^ M on K^l and are 
adjoint. That is, for v E K^, f € and m & M , one has 

{vmj) = {v,mf) 

Proof. It suffices by linearity to handle the case v = a €z 0,. Then 

(am, /) = /(am) = m/(a) = (a, m/), 

as required. □ 

As a consequence, we see that is dual to KQ, that is. 



as left XM-modules. We remark that the bases 17 and {6^; | w € 17} are 
dual with respect to the pairing (j7.ip . 

If \Q\ = n and we fix an ordering 0, = {ui, . . . , Un}, then it is convenient to 
identify elements of KQ with row vectors in and elements of with col- 
umn vectors (by associating / with the column vector (/(wi), . . . , /(a;„))"^). 
The dual pairing then turns into the usual product of a row vector with a 
column vector. If p: M — )■ Mn{K) is the matrix representation afforded by 
the right ii'M- module KQ, then the action on column vectors is the matrix 
representation afforded by the left ii'M- module K^. 

We mention the following trivial observation. 

Proposition 7.2. Let (0,, M) he a finite transformation monoid and suppose 
that Oi,...,Os are the weak orbits of M . Then ^ 0^^^ KOi and = 
^1^1 K^' where we identify K^' with those functions Q ^ K supported on 
Oi, forl<i<s. 

Thus for most purposes, it suffices to restrict our attention to the weakly 
transitive case. 

7.1. The subspace of M-invariants. Let F be a left/right ii'M-module. 
Then V^^ denotes the subspace of M-invariants, that is, of all vectors fixed 
by M. UK is the trivial left/right KM-modu\e, then = homKM{K, V). 
Unlike the case of groups, it is not in general true that h.omKM{K,V) — 
horaKM{y, K)- In fact, we shall see in a moment that in most cases KVL^^ = 




-1 



5, 



'a 
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{0}, whereas the i^-diniension of honiKMiK^, K) is the number of weak or- 
bits of M. It is also the case that the module is almost never semisimple 
and quite often the multiplicity of the trivial module as a composition factor 
of KQ, is strictly greater than the number of weak orbits of M. 

The following result generalizes a standard result from permutation group 
theory. 

Proposition 7.3. Consider honiKMiKQ, K) where K is given the structure 
of a trivial KM -module and h.om.M{^,K) where K is given the structure of 
a trivial M-set. Then there are K-vector space isomorphisms 

houiKMiKQ, K) ^ homM(^^, K) = {K^Y' ^ K^oi^\ (7.2) 

More precisely, f € {K^)^^ if and only if it is constant on weak orbits ofQ. 
Consequently, dimKliom.KM{KO., K) = dimK{K^)^^ is the number of weak 
orbits of M on 0,. 

Proof. A ii'-linear map T: KO, —^Kis the same thing as a map ^1 ^ K 
because $7 is a basis for KO,. Clearly, T is a XM-module morphism if and 
only if the associated mapping 17 —t- X is an M-set morphism. This provides 
the first isomorphism of (17. 2p . Proposition 12.21 shows that /: — >■ X is an 
M-set morphism if and only if it is constant on weak orbits yielding the 
isomorphism of the second and fourth terms of (17. 2p . Finally, observe that 
/: $7 — > is an M-set map if and only if f(ujm) = f{uj) for all w G fi, 
m G M. But this is equivalent to asking mf = f for all m G M, i.e., 
/ G (K^)^^. This completes the proof. □ 

The situation for Kfl^^ is quite different. It is well known that a fi- 
nite monoid M admits a surjective maximal group image homomorphism 
cr: M — 7- G{M) where G{M) is a finite group. This map is characterized by 
the universal property that if M — > is a homomorphism from M into 
a group then there is a unique homomorphism ■0 : G(M) H so that 

M G{M) 




commutes. Using the fact that a finite monoid is a group if and only if 
it has a unique idempotent, one can describe G{M) as the quotient of M 
by the least congruence for which all idempotents are equivalent and a as 
the quotient map. Alternatively, it is the quotient by the intersection of all 
congruences on M whose corresponding quotient is a group. 

Proposition 7.4. // (0, M) is a transformation monoid, then KQ^^ 7^ i/ 
and only if there is an M -invariant subset A fixed by all idempotents of M . 

Proof. Suppose first that A is an M-invariant subset fixed by all idempotents 
of M. Then A is naturally a G(M)-set and i^A*^ = KA'^^^^\ Group 
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representation theory then yields that dim/^- KA"^^^-^^ is the number of orbits 
of G{M) on A, and so is non-zero. Thus KQ^^ ^ 0. 

Next suppose that V £ Kn^^. Then ve = V for all idempotents e G E{M), 
so V £ negE(M) -^^6. Suppose that v = "^^^^ cxX with / for all A S A. 
Then A C fie for all e € E{M). Also, if m G M, then vm = v implies that 
Am = A and so A is M-invariant. □ 

As corollaries, we obtain the following results. 

Corollary 7.5. Suppose that all elements of I{M) have the same image A. 
Then KQ.^^ / 0. 

Proof. Let e be an idempotent of M and choose m G I{M). Then me £ 
I{M) and so A = Qme C Oe. Thus all idempotents of M fix A. Since 
minjvf(f^) = {A}, it follows that A is M-invariant. The result now follows 
from Proposition 17.41 □ 

The next corollary shows that in the transitive setting only groups admit 
non-trivial invariants. 

Corollary 7.6. Suppose that {Q, M) is transitive. Then KQ.^^ ^ if and 
only if M is a group. In particular, if {0,,M) is transitive, then the module 
KQ is semisimple if and only if M is a group. 

Proof. If M is a group, then dimx KQ^^ is the number of orbits of M on 
G and hence is non-zero. For the converse, suppose KQ^^ ^ 0. Then 
Proposition 17.41 implies that there is an M-invariant subset A C such that 
every idempotent of M fixes A. But transitivity implies A = i7. Thus the 
unique idempotent of M is the identity. We conclude that M is a group. 

The final statement follows because if KQ, is semisimple, then the fact 
that hom^^Af (XO, X) ^ (by Proposition 17. 3p implies that the trivial rep- 
resentation is a subrepresentation of KQ,. But this means that KVi^^ ^ 
and so M is a group. Conversely, if M is a group, then is semisimple 
by Maschke's theorem. □ 

Let us now interpret some of these results for associated actions of M. A 
X-bilinear form B : KVL x KVt K \s said to be M-invariant if 

B{vm, wm) = B{v, w) 

for all v,w £ Ki} and m £ M. Let bilii:(i^O) be the space of X-bilinear 
forms on KQ. There is a natural left XM-module structure on hilxiK^) 
given by putting {mB){v,w) = B{vm,wm). Then bilx(i^f7)*^ is the space 
of M-invariant i^-bilinear forms. As i^-bilinear forms are determined by 
their values on a basis, it is easy to see that hilK{Kn) ^ K^""^ as KM- 
modules. Moreover, hilKiKO,)^^ = (^k^^^)M _ T\ms we have proved the 
following. 

Proposition 7.7. The dimension of the space of M-invariant K -bilinear 
forms on K^l is the number of weak orbitals of (O, M). 
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Let denote the subset of P{^) consisting of all 1- and 2-element 

subsets. Then fi'^^J' is M-invariant and can be identified with the quotient 
of by the equivalence relation putting {a,uj) = {to, a) for all a,u. It is 
then easy to see that K^^^^ is isomorphic as a ii'M-module to the space 
of symmetric ET-bilinear forms on K^l and hence (K^^'^^)^^ is the space of 
M-invariant symmetric X-bilinear forms on KO,. Thus we have proved: 

Proposition 7.8. The dimension of the space of M-invariant symmetric 
K -bilinear forms on K^l is the number of weak orbits of AI on 17''^^. 

7.2. The augmentation submodule. If (^},M) is a finite transformation 
monoid, one always has the augmentation map e : KO, — )• K given by 

e{v) = {v,In)- 

U V = ^^^^qCuiU}, then e{v) = "^^^^qCuj. Clearly is constant on weak 
orbits and so e is a XM-module homomorphism (where K is given the 
trivial XM-module structure). Thus kere is a XM-submodule, called the 
augmentation submodule, and is denoted Aug(i^'Q). A key fact, which plays 
a role in the Cerny conjecture literature, is that m G M is a constant map 
if and only if m annihilates the augmentation submodule. Indeed Aug{K^}) 
consists of those vectors v = Ylwen '^^^ such that Xlaien '^'^ ~ 0. If we fix 
cl!o S then the set of differences w — where co runs over Q \ {wq} is a 
basis for Aug{KO,). Thus m annihilates Aug(r2) if and only if ujm = ujQm 
for all u £ 0,, i.e., m is a constant map. This has a generalization, due to 
the author and Almeida [2] (inspired by Rystsov [59]), that we reproduce 
here for the reader's convenience. First we need some notation. If X C fi, 
let [X] = E.g^^- 

Proposition 7.9. Let (0,, M) be a transformation monoid of degree n and 
min-rankr. Let KQr be the subspace of Aug{KO,) spanned by the differences 
[X] — [Y] with X,Y G minA,f(^^)- Then KQr is a KM -submodule with 
dim/^ K^lr < n — r. Moreover, if M is transitive, then m £ M annihilates 
KO,r if o,nd only if m £ 

Proof. First observe that £{[X] — \Y]) = r — r = for X,Y £ minjv/(r2) 
and so KVty C Aug(i^O). The M-invariance of KVlr follows from the fact 
that mm.M{^) is M-invariant and Proposition 13.101 Fix s G I{M) and let 
kers = {Pi, . . . ,Pr}. Proposition 13.10) shows that if X € minjvf(^^), then 
\X n Pil = 1 for i = l,...,r. But |X n Pi\ = {[X],Ip^) and so K^r C 
Span{/p. I 1 < i < r}-*-. Since {Pi, . . . , Pj-} is a partition, the indicator 
functions /pj , . . . , Ip^ trivially form a linearly independent subset of . 
As our pairing is non-degenerate, we may conclude that dim^i: KVlr < n — r. 

Suppose now that (r2,M) is transitive. Then if m G liM), trivially 
Xm = 0,m for any X £ min^f (17). Thus m annihilates Ki^r- Suppose that 
m ^ I{M). Then m has rank at least r Choose X G minj;/ (fi). Then 
\Xm\ = r and hence Xm is a proper subset of Vim. Let a G \ Xm and 
suppose that a = f3m. By transitivity of I{M) on we can find n G L{M) 
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with /? G On = y. Then {[Y] - [X])m = [Y]m - [X]m ^ as the coefficient 
of a in [Y]m is non-zero, whereas the coefficient of a in [X]m is zero. Thus 
m does not annihilate KQ^, completing the proof. □ 

Of course, when the min-rank is 1 and (17, M) is transitive, then I{M) 
consists of the constant maps and Ki^i = Aug{K^}). On the other extreme, 
if the min-rank of ($7, M) is n, that is, (0,, M) is a permutation group, then 

K^n = {0}. 

Our next result generalizes a result from [7j for permutation groups. Let 
us continue to assume that X is a field of characteristic 0. Then a transfor- 
mation monoid (Q, M) is said to be a KI -monoid if Kxig{Kn) is a simple 
i^M-module. It is well known that for permutation groups being a CI- 
group is equivalent to 2-transitivity and being an M/-group is equivalent 
to 2-homogeneity |6j. The case of Q/-groups has been studied in [6| [71124]. 
The results of [7] imply that a if /-group (17, G) is primitive and if / is any 
non-invertible map on f7, then {G,f) contains a constant map. Here is the 
general case. 

Theorem 7.10. Let (f7,M) be a Kl-monoid. Then: 

(1) (17, M) is primitive; 

(2) // in addition (17, M) is transitive, then either it is a permutation 
group or contains a constant map. 

Proof. Let = be a non-trivial proper congruence on 17. Functoriality of 
the transformation module construction and the observation that the trivial 
module K is the transformation module associated to the trivial action of 
M on a one-point set yield the commutative diagram 

KQ K[n/=] 




K 



with -0 induced by the quotient map and with e, e' the augmentations. As 
= is proper and non-trivial it follows that ker'0 is a non-zero proper KM- 
submodule of ker e = Aug(-fC17), contradicting that (17, M) is a ii'I-monoid. 
Thus (17, M) is primitive. 

To prove the second item, assume by way of contradiction that the min- 
rank r of (17, M) satisfies 1 < r < n. Since r < n, minAf(17) has at least 
two elements and so KVL^ 7^ 0. On the other hand, Proposition 17.91 shows 
that ifl7r is a i^M-submodule of Aug(i('17) of dimension at most n — r < 
n — 1 = dim Aug(ii'17). This contradicts that (17, M) is a Kl-monoid. □ 

7.3. Partial transformation modules. Next we consider the case of -As- 
sets with zero. Even if we start with a transformation monoid (17, M), 
consideration of the quotient 17/ A by an M-invariant subset A will lead 
us to this case. So suppose that (17, M) is a finite transformation monoid 
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with 0, an M-set with zero. For the moment we shah denote the zero of 
O by C to distinguish it from the zero element of KO,. Define the partial 
transformation module (or contracted transformation module) 

This is indeed a i^M-module because KC, is a ii'M-submodule. As a K- 
vector space, KqVL has basis the cosets a + KC, with Q ^ a & Q,. Thus from 
now on we identify C, with the zero of KqQ, and return to using for the 
distinguished sink of Jl. We identify a with the coset a + KC, for 7^ a G fi. 
Said differently, we can view KqVL as a i^- vector space with basis Q \ {0}. 
The action of m € M on is extended linearly, but where we now identify 
the zero of with the zero of KVLq. 

An alternate viewpoint is the following (retaining the above notation). 
The augmentation 

e: K 

splits via the map K — > KVt given by c 1— ?• c^. Thus 

Kn = KvigiKQ) (BKC = Aug(is:0) K 

as a i^M- module and so Kq^I. = KQ/KC, = Aug(iril). The natural basis to 
take for Ang{KVt) consists of all differences oj — C, with uj ^ Vt \ {Q}. Then 
the action of m G M is given hy m[uj — C,) = mw — C, and so this provides 
another model of Kq^. 

If M contains the zero map z, then z acts on Kq^ as a zero and so KqVL 
is naturally a module for the contracted monoid algebra KqM = KM/Kz. 
Therefore, we will continue to use to denote the zero map on $7 and we 
shall identify the zero of M with the zero of KqM and view KqQ, as a KqM- 
module. The representations of KqM are exactly the representations of M 
that send to the zero matrix. In particular, the trivial JCM-module K is 
not a KQM-m.o(hAe and hence KqVL does not contain the trivial representa- 
tion as a constituent. We record this as a proposition. 

Proposition 7.11. Let (il, M) he transformation monoid where is an M- 
set with zero and suppose that M contains the zero map. Then the trivial 
module is not a constituent of KqQ, and in particular KqQ,^ = 0. 

Notice that if Vt is an M-set and A is an M- invariant subset, then there 
is an isomorphism KQ/KA = Kq[^}/A]. We shall use both notations as 
convenient. 

Returning to the case of a transformation monoid (ri,M) where Q is 
an M-set with zero, we would like the analogue of the dual pairing (jT.ip . 
Let us again momentarily use the notation ( for the zero of Let Kq 
be the subspace of all function f : Vt ^ K such that f[C,) = 0. This is a 
iCM-submodule because /(C) = implies mf{() = f{C,m) = f{C) = for 
all m G M. As Kq is the annihilator of K^ with respect to the pairing 
(|7.ip . it follows that the pairing descends to a non-degenerate dual pairing 
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Kofi xK}l given by 

(a,/) = /(a) 

for Q € \ {0} which is compatible with the /CM-module structure. Al- 
ternatively, if we identify Kq^I with A\\g{KQ), then we can just restrict the 
original pairing (17. Ih . We now return to writing for C, and identify Kq 
with i^'^Mo} . The left action of m G M on / : K^Vio} K is then given by 

, I fiam) am ^ 
^ ' [0 else. 

The dual basis to \ {0} consists of the functions 5a with a G 17 \ {0}. If 
M contains the zero map z, then z annihilates (viewed as a subspace of 
K^) and hence Kq is a left KqM -module. 

Let us return to the case of a finite transformation monoid (O, M) (with 
or without zero). Consider a strong orbit Os{oj) of M on fl. Let T(a;) = 
LoM \ Os{io). Then uM is an M-invariant subset of fl and T(a;) is an M- 
invariant subset of loM. Thus we can form the quotient 0-transitive M-set 
ljM/T{ij) and hence the partial transformation module Kq[ujM/T{uj)] = 
KujM/KT{uj) (where if T(a;) = 0, we interpret ujM/T{uj) = ojM and 
KT{uj) = 0). This module has a basis in bijection with Os{i^)- Thus we can 
put a right KM-module structure on KOgioj) by putting, for a G 0^(0;), 

{a ■ m a ■ m ^ Os(uj) 
a-m^Os{uj) 

where for the moment we use • to indicate the action in fl. With this 
module structure, we have a XM-isomorphism /CC's(cj) = Kq[uM/T(u})]. 
If one considers an unrefinable series of M-invariant subsets of fl as per 
()2.ip . then one obtains a series 

KQ = Kflo D Kill D Kfl2 D ■■■D KQk ^ {0} 

with successive quotients the modules of the form KOs{uj) with u £ fl. 
In particular, every irreducible constituent of Kfl is a constituent of some 
KOsiuj) with oj eU. 



8. A BRIEF REVIEW OF MONOID REPRESENTATION THEORY 

In this section we briefly review the theory of irreducible representations 
of finite monoids. This theory was first developed by Munn, Ponizovsky and 
Clifford |21l Chapter 5]. It was further refined and elaborated on by Rhodes 
and Zalcstein [57], Lallement and Petrich [43] and McAhster [48j. In [30] 
a modern functorial approach was adopted based on Green's theory [32| 
Chapter 6]; more in depth information can be found in [47]. See also [36] 
for the analogue over semirings. The advantage of this approach is that it 
avoids reliance on technical semigroup theory and at the same time clarifies 
the situation by highlighting functoriality and adjunctions. 



40 



BENJAMIN STEINBERG 



Fix a finite monoid M. If e G E{M), define 4 = {m G M | e ^ MmM} 
and observe that le is an ideal of M. We follow the obvious conventions when 
le = 0, that is, e G E{I{M)). Define yle = KM/KIe = Ko[M/Ie]. Stability 
immediately yields that n eMe = eMe \ Ge- Thus eAgC = KGe- Hence 
by Green's theory [30l[32] there are induction, restriction and coinduction 
functors between XGe-modules and Ag-modules. Viewing the category of 
Ag-modules as a full subcategory of the category of XM-modules, we have 
the following functors: 

Inde : mod-i^Ge mod-i^M 
Rese : mod--ftrM — )• mod-i^Ge 
Coinde : mod-KGe mod-KM 

defined by 

Inde(y) = V ®KG, e{KM/Kh) = V ®kg^ Ko[eM/eIe] 
ReSe{V) = Ve 

Coinde(y) = homKG^iKM/KQe, V) = homc^Me \ he, V). 

Moreover, we have the following results |30ll47j . 

Proposition 8.1. Let e £ E{M). Let K he any field (not necessarily char- 
acteristic zero). 

(1) If V is a K M -module annihilated by le and W is a KGe-module, 
then there are natural isomorphisms: 

homxAf(Inde(VF),F) ^ houiKcMReSeiV)) 
homKMiV,ComdeiW)) ^ homxG.(ReSe(y), VF). 

(2) The functors Resg Inde o,nd Resg Coindg are naturally isomorphic to 
the identity functor on mod-KGe- 

(3) The functors Indg, ReSe and Coinde are exact and preserve direct 
sum decompositions. Moreover, Inde <ind Coindg preserve indecom- 
posability. 

Proof We just sketch the proof. See [30l[32l|47] for details. The first part 
follows from the classical adjunction between tensor products and hom func- 
tors once one observes that Rese(l^) = homyi^(e^e) ^) — V ^e. The 
second part is direct from Green- Morita theory [32\ Chapter 6] ; see also [30] . 
Let us turn to the last part. The point here is that eM \ ele is a free left 
Ge-set and Me \ leC is a free right Ge-set [2ll[56]. Thus e{KM/KIe) and 
{KM / KIe)e are free -fCGe-modules and so Inde and Coinde are exact. As 
any additive functor preserves direct sum decompositions it remains to con- 
sider indecomposability. 

To see that these functors preserve indecomposability, let ^ be a KGe- 
module and observe that (1) and (2) yield 

homj^M(Inde(F),Inde(y)) ^ homxGe(^, ReSe Inde(F)) ^ houiKGAV,V) 
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and in fact this isomorphism is a ring isomorphism. But a module is inde- 
composable if and only if the only idempotents in its endomorphism algebra 
are and 1. Thus V is indecomposable if and only if Inde(l^) is indecom- 
posable. The argument for Coinde(l^) is identical. □ 

From the theory of Green |301l32j. if y is a simple -R'Ge-module, then 
Inde(l^) has a unique maximal submodule rad(Inde(y)) that can be de- 
scribed as the largest submodule annihilated by e, or alternatively 

rad(Inde(y)) = {w G Inde(F) | vme = 0,Vm G M}. 

The quotient V = Inde(y)/ rad(Inde(y)) is then a simple XM-module and 
Ve = V; in fact, the image of the projection Inde(y) — )• V under the 
restriction functor ReSe is the identity as e annihilates rad(Inde(l^)). It 
turns out that all simple XM-modules are constructed in this way j30] . 

Theorem 8.2. Let K he afield and M a finite monoid. Choose a transversal 
of idempotents ei, . . . , to the set of principal ideals generated by idem- 
potents. Let lii{KGei) contain one simple KGe^-module from each isomor- 
phism class. Then the modules of the form V = Indej(T^)/rad(Inde. (F)) 
where V G Irr^KGei) '^'^^ 1 < i < m form a complete set of representatives 
of the isomorphism classes of simple KM -modules. 

Recall that if F is a KM-module, then rad(y) is the intersection of all the 
maximal submodules of V. The quotient V/ ra.d{V) is a semisimple module 
called the top of V, denoted top(y). 

The description of the radical of Inde^iV) for V a simple KGe^-ioaodule 
generalizes. 

Proposition 8.3. Let M he a finite monoid and e G E{M). Suppose that 
K is a field of characteristic zero and V is a KGe-module. Then 

rad(Inde(y)) = {w Inde(F) | wme = 0,Vm G M} (8.1) 

is the largest submodule o/Inde(I^) annihilated by e. 

Proof. Denote by U the right hand side of ()8.ip : it is clearly the largest 
KM-submodule of Inde(y) annihilated by e. Let V = ©^=1 rrajVi be the 
decomposition of V into simple /CGe-modules. Then as 

s 

lnde(y)^0mjnde(yi), 

i=l 

and Vi = Inde(Fj)/ rad(Inde(Vi)), we have an exact sequence of KM-modules 

s 

rad(Inde(F)) lnde{V) ^rmVi 0. 

i=l 

Using the exactness of the restriction functor ReSe and the fact that it maps 
the projection Inde(yi) — )■ Vi to the identity map Vi — > Vi, we see that = 
ReSe(rad(Inde(F))) = rad(Inde(l^))e. This shows that rad(Inde(F)) C U. 



42 



BENJAMIN STEINBERG 



For the converse, let 99: Inde(T^) TV be an epimorphism of KM- 
modules with W a simple i^TM-module. Then le annihilates W and so 
by the adjunction, we have a non-zero morphism V We and so We 7^ 0. 
Now ^p{U) is a submodule of W . If it is non-zero, then ip{U) = W . But 
then We = ^{U)e = (p{Ue) = ip{0) = 0, a contradiction. Thus U C kevip. 
As if was arbitrary, we conclude that U C rad(Inde(y)). □ 

A fact we shall use later is that 

Inde{V)eKM = V ^kg, e{KM/Ie)eKM = lnde{V) 
because e{KM/Ie)e = KGe and VKGe = V. 

9. The projective cover of a transformation module 

From now on we assume that the characteristic of our field K is zero and 
we fix a finite monoid M. An important special case of the above theory is 
when e G E{I{M)). In this case /e = and so Inde(y) = V®kg, eKM and 
Coinde(F) = homc^ (Me, y). Moreover, the adjunctions of Proposition 18.11 
hold for ah ETM-modules V. Observe that Inde(i^G'e) = KGe®KG^eKM = 
eKM is a projective i^M-module (as KM = eKM © (1 - e)KM). Let 

s 

KGe = ^d,Vi 

1=1 

be the decomposition of KGe into simple modules. Then the decomposition 

s 

eKM = IndeiKGe) = lnde{Vi) 

i=l 

establishes that the Inde(Vi) are projective modules. Furthermore, Inde(Vi) 
is indecomposable by Proposition 18.11 Thus Inde(Vi) — ?> Vi is the projective 
cover of the simple module Vi. We recall here that if V is a module over a 
finite dimensional algebra A, then the projective cover P of F is a projective 
module P together with an epimorphism ir: P ^ V such that vr induces 
an isomorphism top(P) — ?• top(y) [8]. Equivalently, it is an epimorphism 
tt: P V with kervr C rad(P). The projective cover of a module is unique 
up to isomorphism f8]. The projective covers of the simple modules are the 
projective indecomposables. We have thus proved: 

Proposition 9.1. Let K be a field of characteristic zero and M a finite 
monoid. Let e G E[L{M)) and assume that Vi is a simple KGe-module. 
Then the projection Inde(Vi) Vi is the projective cover of the simple KM- 
module Vi. 

Note that if A is a right M-set and ^2 is a bi-M-A^-set, then K[K®m ^] = 
KA ®KM KO, as a right ii'A^-module, as is immediate from the universal 
property of tensor products. In particular, if e € E{I{M)) and i7 is a Gg- 
set, then one has i^[inde(0)] = hide{KQ). Taking Q. to be the trivial Gg-set 
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{*}, we then have lnde{K) ^ K[mdei{*})] = K{{*}(E)G,eM) = K{Ge\eM). 
Thus Proposition 19.11 has the fohowing consequence. 

Corollary 9.2. The projective cover of the trivial representation of KM 
is the augmentation map e: K[Ge\eM] K where e G E{I{M)). In par- 
ticular, if (ri, M) is a transitive transformation monoid with the maximal 
subgroup of I{M) trivial, then Kfl is a projective indecomposable represen- 
tation with simple top the trivial KM -module and radical Aug{Ki}). 

Proof. It just remains to verify the final statement. But Proposition 13.131 
shows that in this case il. = eM = Ge\eM. □ 

Let A be any finite dimensional i^- algebra and P a projective indecom- 
posable with corresponding simple module S = P/rad(P). Then it is well 
known that, for any ^-module V, the JC-dimension of hom^(P, y) is the 
multiplicity of S as an irreducible constituent of ^ [8] . Hence we have the 
reciprocity result: 

Proposition 9.3. Suppose e € E{I{M)) and Vi is a simple KGe-module. 
Let W be a KM -module. Then the multiplicity ofVi as a constituent of W 
is the same as the multiplicity ofVi as a constituent o/ReSe(H^) = We. 

Proof. Since Inde(Vi) is the projective cover of Vi, we have that the multi- 
plicity of Vi in W is 

dim/^ homii-M(Inde(Vi),H^) = dim/^ homi^Ge(^i) ReSe(VF)) 

and this latter dimension is the multiplicity of Vi in We. □ 

The advantage of this proposition is that one can then apply the orthog- 
onality relations of group representation theory ^23j in order to compute the 
multiplicity. Applying this to the special case of the trivial representation 
of KGe yields: 

Corollary 9.4. Let (Q, M) be a transformation monoid. The multiplicity 
of the trivial KM -module as an irreducible constituent of K^l is the number 
of orbits of Ge on where e G E{I{M)). This can be strictly larger than 

dimx hom/^M(^^) -f^) = |7ro(f^)|. 

Proof. By standard group representation theory, the multiplicity of the triv- 
ial representation of Gg in K^le is the number of orbits of Ge on |18 P 23 1 
125] . The final statement follows from Proposition 17.31 and the example just 
after Proposition 12.121 □ 

Next we want to establish the analogues of Propositions 19.11 and 19.31 for 
the case of monoids with zero. 

Proposition 9.5. Let M be a finite monoid with zero containing a unique 0- 
minimal ideal I and let K be a field of characteristic zero. Let 7^ e € E(I) 
and suppose that V is a simple KGe-module. Then IndeiV) is a projective 
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indecomposable K M -module and the projection IndeiV) V is the projec- 
tive cover. Moreover, if W is a KqM -module, then the multiplicity of V as 
a constituent in W is the same as the multiplicity ofV as a constituent in 
We. 

Proof First observe that if z is the zero of M, then z and 1 — z are central 
idempotents of KM and so we have an isomorphism of X-algebras 

KM = (1 - z)KM ®zK^ KqM K. 

Thus KqM is a projective KM-module. But KqM = cKqM 0(1- e)KQM 
and so cKqM is a projective ii'M-module. Suppose that KGe = ©^=1 diVi 
is the decomposition into simple XGe-naodules. Then 

s 

cKqM = KGe ®KG, eKoM = Inde(KGe) = Inde(yi) 

i=l 

and thus each Inde(K) is a projective module. Proposition 18.11 then yields 
that Inde(l^) is a projective indecomposable and hence the canonical pro- 
jection Inde(l^) — > Vi is the projective cover. 

For the final statement, Proposition 18.11 provides the isomorphism 

homxAf(Inde(F), W) ^ houiKcAV. We). 

The dimension of the left hand side is the multiplicity of y as a constituent 
of W , whereas the dimension of the right hand side is the multiplicity of V 
as a constituent in We. □ 

An immediate corollary is the following. 

Corollary 9.6. Let ($7, M) he a 0-transitive finite transformation monoid 
such that Ge is trivial for ^ e £ E{I) where I is the 0-minimal ideal of 
M. Then Kq^} is a projective indecomposable KM-module. 

Proof. We know that = eM from Proposition [12] and so Kq9. = cKqM = 
Inde(i^) and hence is a projective indecomposable by Proposition 19. 5i □ 

In [HS] it is proved that if {Vt, M) is a 0-transitive transformation inverse 
monoid, then the module Kq^ is semisimple and decomposes as follows. Let 
e be a non-zero idempotent of the 0-minimal ideal of M and let ©^=1 rniVi 
be decomposition of K^e into simple XGe-modules. Then 

s 

KQ^^^ruiVi. 

i=l 

For more general transformation monoids, we lose semisimplicity. But we 
show here that the analogous result holds at the level of the projective cover. 
Of course, in characteristic zero, inverse monoid algebras are semisimple [21] 
and so the simple modules are the projective indecomposables. 
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9.1. The transitive case. We describe here the projective cover of Ki} 
when (0,M) is transitive (and in slightly more generality). 

Theorem 9.7. Let {ft, M) he a finite transformation monoid and K a field 
of characteristic zero. Let e G E{I{M)) and suppose that VteM = Vt; this 
happens, for instance, if (17, M) is transitive. Then the natural map 

if: lnde{K9.e) KQ 

induced by the identity map on KQe is the projective cover. 

Proof. First we observe that is an epimorphism because 

ip(lnde{Kne)) = ip(lndeiKne)eKM) = KQeM = KQ. 

It remains to show that kerc^ C rad(Inde(i^Oe)). By Proposition 18.31 this 
occurs if and only if e annihilates kerc^. But we have an exact sequence 

— >kerip — y Inde(KJle) Kn — >0 

and hence application of Resg, which is exact, and the fact that Rese(9?) = 
iKfie yield an exact sequence 

— > (kerv?)e — > KVte KVie — > 0. 

Thus (ker ip)e = 0, as required. □ 

As a corollary, we have the following description of toY>{KVL). 

Corollary 9.8. Under the hypotheses of Theorem \9.7\ one has 

s 

i=l 

where KVte = ©^^iW-iV^ is the decomposition into simple KGe-modules. 
In particular, if {Vt,M) is transitive (and hence {Vte,Ge) is transitive), then 
Si=i "^i is the rank of the permutation group (Oe,Ge)- 

Proof. The first part is clear from Theorem [921 the second part follows from 
a well-known result in permutation group theory |18il25j . □ 

9.2. The 0-transitive case. Our next result is the analogous theorem for 
the 0-transitive case. Observe that if (O, M) is a 0-transitive finite trans- 
formation monoid and e is a non-zero idempotent of the 0-minimal ideal /, 
then Kq^c is the permutation module associated to the permutation group 
(J7e\{0},Ge). 

Theorem 9.9. Let (J7, M) he a finite 0-transitive transformation monoid 
and K be a field of characteristic 0. Let e ^ be an idempotent of the 
0-minimal ideal I of M. Then the natural homomorphism 

ip: Inde(-fCo^e) KqVL 

induced by the identity map on KqQc is the projective cover. In particular, 
if KM is semisimple, then Inde(i^o^e) — Ko^- 
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Proof. The homomorphism ip is surjective by the computation 

where the last equahty uses 0-transitivity. To show that (/? is the projective 
cover, we must show that ker(/9 is contained in rad(Inde(^Co^e)), or equiv- 
alently by Proposition 18.31 that e annihilates kerc/?. This is proved exactly 
as in Theorem 19 ■?[ Applying the exact functor ReSg to the exact sequence 

— ^ kerc^ — > Inde(-fCof^e) Kofi — > 
and using that ReSe(9?) = Ixo^e we obtain the exact sequence 

(ker ip)e^ KoQe KoQe 0. 

It follows that (ker93)e = 0, completing the proof. □ 

In particular, Theorem 19.91 has as a special case the result in [66] de- 
composing the partial transformation module associated to a 0-transitive 
transformation inverse monoid. 

Of course, we have the following analogue of Corollarv 19. 8i 

Corollary 9.10. Under the same assumptions as Theorem \9.9\ one has 

s 

i=l 

where KqQc = ^i^irriiVi is the decomposition into simple KGe-modules. 
Moreover, X]i=i ^-f ^•^ ^he rank of the permutation group ($7e \ {0}, Gg). 

10. Probabilities, Markov chains and Neumann's lemma 

A partition {Pi,...,Pr} on a finite set Vt is said to be uniform if all 
the blocks have the same size, i.e., |Pi| = ••• = \Pr\. Let's consider a 
probabilistic generalization. Recall that a probability distribution on Vt is 
a function /i: — )• [0, 1] such that Ylu<^nl^i^) ~ 1- '^^^ support supp(/Lt) 
is the set of elements uj ^ fl with //(w) ^ 0. One can then view // as a 
probability measure on $7 by putting 

for a subset A C Jl. The uniform distribution U on is defined by U{uj) = 
l/|ri| for all a; G (7. Of course U{A) = \A\/\fl\. Thus a partition is uniform 
if and only if each of its blocks are equiprobable with respect to the uniform 
distribution. More generally, if is a probability distribution on il, we shall 
say that the partition {Pi, . . . , P,.} of is ^-uniform if n{Pi) = ■ ■ ■ = n{Pr). 

P. Neumann in his work on synchronizing groups |51j showed that if 
{fl, M) is a finite transformation monoid with transitive group of units G, 
then the kernel of each element of I{M) is a uniform partition. In this 
section we consider a generalization of his result. Our results can also be 
viewed as a generalization of a result of Friedman from |28] . 
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We shall need to introduce a few more notions from probability theory. 
If /: $7 ^ M is a random variable on that is a real- valued function, then 
the expected value of / with respect to the probability distribution /x is 

A Markov chain with state set $7 is given by a stochastic matrix 

P: ^7 X ^ [0, 1] 

called the transition matrix of the chain. The adjective "stochastic" means 
that each row is a probability distribution on Jl, i.e., for any fixed a G $7, 
one has 

Viewing probability distributions on O as row vectors, it follows that if jx is 
a probability distribution, then so is /xP where 

In particular, if n is an initial distribution on f2, then fiP^ is the distribution 
at the fc*'*-step of the Markov chain. A distribution vr is said to be stationary 
if ttP = TT. 

To a Markov chain with state set and transition matrix P one associates 
a digraph (possibly with loop edges) by declaring (a, /3) to be an edge if 
P(a, /3) > 0. The Markov chain is said to be irreducible if the associated 
digraph is strongly connected. The following is a classical theorem in Markov 
chain theory. 

Theorem 10.1. Let P be the transition matrix of an irreducible Markov 
chain with state set O. Then P has a unique stationary distribution ir, 
which moreover has support Q. Furthermore, 

k-l 

hm - y P' = n 

i=0 

where H is the Q x Q matrix whose rows are all equal to vr. 

Let (Jl, M) be a finite transformation monoid and suppose that is a 
probability distribution on M. Then we can define a Markov chain with 
state space Q, by putting 

p{a,p)= J2 /^M; (10-1) 

am=l3 

so P{a, P) is the probability that an clement m G M chosen randomly 
according to fi takes a to /3. To sec that P is stochastic, notice that 

^P(a,/3) = Y.I1 = E E M"^) = E /^("^) = 1- 

Pe^ l3eClam=l3 meM P=am meM 
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If = (supp(/u)) is transitive on 0,, then P is the transition matrix of 
an irreducible Markov chain. Indeed, the digraph associated to P is the 
underlying digraph of the automaton with state set Cl and input alphabet 
supp(^). 

Observe that if is a probability distribution on ft, we can identify it 
with the element 

^ iy{uj)u; G MO. 

Similarly, we can identify fi with the element 

^ fi{m)m e MM. 

meM 

Then one easily verifies that 

= i^{uj)n{m)ujm, 

u)eQ,,meM 

whereas the coefficient of /3 in vP is 

Thus under our identifications, we see that ufi = vP and hence vP^ = ufi^. 
Our next result is an ergodic theorem in this context. 

Theorem 10.2 (Ergodic theorem). Let (il,M) be a finite transformation 
monoid and let v he a probability distribution on fJ. Suppose that ^ is a 
probability distribution on M such that N = (supp(^)) is transitive on Vt 
and let P be the transition matrix of the irreducible Markov chain defined 
in (110. ip . Denote by vr the stationary distribution of P. ///: (7 ^ M is a 
random variable such that 

E,{mf) = E,{f) 
for all m £ N, then the equality 

EM) = EM) 

holds. 

Proof. We use here the dual pairing of Mri and Mp. Notice that if 6 is any 
probability distribution on ^l, then viewing 6 E Mil, we have 

Ee{f) = Y,f{u:)e{u) = {ej). 

Also observe that if A is any probability distribution with support contained 
in N, then Ey{\f) = Ey{f) where we view A € MM. Indeed, linearity of 
expectation implies that 

EuM) = K^)Eu{mf) = Hm)EM) = EM)- 

m£N meN 
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A simple calculation reveals that z^II = vr and so applying Theorem llO.il 
and the above observations (with A = yields 

EM) = {'Kj) = {uIlJ) = lu hm \ y^P\f) 

^ k-l ^ k-l 

fe->oo k ^-^ fc-i>oo k '-^ 

i=0 i=0 
i=0 1=0 

= EM) 

as required. □ 
As a consequence, we obtain the following result. 

Lemma 10.3. Let (Q,M) be a finite transformation monoid and let /j, be 
a probability distribution on M such that N = (supp(/x)) is transitive. Let 
P be the stochastic matrix (jlO.ip and let vr be the stationary distribution 
of the irreducible Markov chain with transition matrix P. Suppose that B 
and S are subsets of VL such that \S PI Bm^^\ = 1 for all m & N. Then 
\S\-tt{B) = 1. 

Proof. Observe that taking m = 1, we have IS* n i?| = 1. Let v be the 
probability distribution on Q given by Lg/\S\. Then, for m E A^, we have 

E^{mlB) = E^B^-i) = v{Bm-^) = \S n Bm-^\/\S\ = 1/\S\=EMb)- 

Thus the ergodic theorem yields 

l/\S\= E,{Ib) = E^b) = <B) 

and so 1 = \S\ ■ tt{B) as required. □ 

A particular example is the case that ($7, G) is a transitive permutation 
group and fi is the uniform distribution on G. One easily verifies that vr is 
the uniform distribution on (since each element of G fixes the uniform 
distribution on Q as an element of Mil). Thus the lemma says in this setting 
that if S, B are subsets of Q with IS H Bg\ = 1 for all g G, then \S\ • = 
This is a result of P. Neumann. 

Theorem 10.4. Let ($7, M) be a finite transformation monoid and let fi be 
a probability distribution on M such that (supp(/i)) is transitive on Q. Let 
P be the transition matrix of the irreducible Markov chain defined in (jlO.ip 
and let vr be the stationary distribution of P. Let s € L{M) and suppose that 
kers = {Bi, . . . ,Br}. Then \Qs\ • 7r(i?j) = 1 for i = 1, . . . ,r. In particular, 
kers is ir-uniform. 
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Proof. Observe that if m G M, then Qms = fls as all elements of I{M) have 
the same rank. Hence if uji = BiS (and so Bi = WjS^^), for i = 1, . . . , r, then 

ker ms = {a;i(ms)^^, . . . ,UJr{ms)^^} = {Bim^"^, . . . , Brin^^}. 

Proposition 13.101 now imphes that \Qs fi Bim~^ \ = 1 for ah 1 < z < r. As m 
was arbitrary, Lemma 110.31 vields \Qs\ ■ vr(i?j) = 1 for i = 1, . . . ,r. □ 

As a consequence, we obtain Neumann's lemma [51]. 

Corollary 10.5 (Neumann's lemma). Let {Q,M) be a finite transformation 
monoid with a transitive group of units. Then ker m is a uniform partition 
for all m G I{M). 

Proof. Let G be the group of units of M and let ^ be the uniform distribution 
on G. Then, as observed earlier, vr is the uniform distribution on $7. The 
result is now immediate from Theorem 110.41 □ 

We can now present Neumann's proof [50] of a result of Pin [52]; it also 
can be deduced from Theorem 17.101 since a transitive permutation group of 
prime degree is a Q/- group, cf. [7J. 

Proposition 10.6. Suppose that (il,M) is a transformation monoid with 
transitive group of units and is prime. Then either M is a group or M 
contains a rank 1 transformation (i.e., a constant map). 

Proof. The kernel of each element of I{M) is a uniform partition. Since 
is prime, it follows that either each element of I{M) is a permutation or 
each element of I{M) is a constant map. In the former case, I{M) = M is 
a group; in the latter case M contains a rank 1 map. □ 

Neumann's lemma can be generalized to transformation monoids contain- 
ing an Eulerian subset. Let (O, M) be a finite transformation monoid. Let 
us say that a subset ^ C M is Eulerian if {A) is transitive and, for each 
bj ^Vt, the equality 

|A| = ^|a;a~^| (10.2) 

aeA 

holds. The reason for this terminology is that if one considers the automaton 
with input alphabet A, state set Vt and transition function ^ A ^ Vt 
given by (cj, a) i— > ua^ then the underlying digraph of the automaton (with 
multiple edges allowed) contains a directed Eulerian path precisely under the 
assumption that A is Eulerian. Eulerian automata were considered by Kari 
in the context of the Road Coloring Problem and the Cerny conjecture [38] . 
Notice that if A consists of permutations and {A) is transitive on fi, then it 
is trivially Eulerian because each |a;a~^| = 1. Thus the following theorem is 
a generalization of Neumann's lemma. 

Theorem 10.7. Suppose that (17, M) is a finite transformation monoid con- 
taining an Eulerian subset A. Then kerm is a uniform partition for all 
m € I{M). In particular, if is prime, then either M is a group or M 
contains a rank 1 map. 
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Proof. Suppose that \A\ = k. Define a probability distribution fi on M by 
putting = {l/k)lA- Let P be the stochastic matrix (110. ip . The corre- 
sponding Markov chain is irreducible, let vr be its stationary distribution. 
We claim that vr is the uniform distribution on Q. Theorem 110.31 will then 
imply that kerm is uniform for each m G I{M). It is well known and easy to 
see that the uniform distribution is stationary for a Markov chain if and only 
if the transition matrix P is doubly stochastic, meaning that the columns 
of P also sum to 1. In our case, the sum of the entries of the column of P 
corresponding to a; G is 

P(a,w) = ^ ^ = • Iwm^^l = \^"''^\ = 1 

where we have used ()10.2p . 

The final statement is proved exactly as in Proposition 110.61 □ 



Theorem 110.71 holds more generally for any finite transformation monoid 
(f2,M) such that there is a probability distribution ^ on M with (supp(;u)) 
transitive and the matrix P from (jlO.ip doubly stochastic. It is not hard to 
construct transformation monoids for which this occurs that do not contain 
Eulerian subsets. The corresponding class of automata was termed pseudo- 
Eulerian by the author in [67] . 

10.1. A Burnside-type lemma. The classical Burnside lemma (which in 
fact was known to Cauchy and Frobenius) says that the number of orbits of 
a permutation group equals the average number of fixed points. The best 
we can say for transformation monoids is the following, where Fix(m) is the 
fixed-point set of m € M and Stab(a;) is the stabilizer of a; G ^2. 

Lemma 10.8. Let ($7, M) be a finite transformation monoid. Suppose that 
fi is a probability distribution of M and tt is a probability distribution on 
0,. Let F be the random variable defined on M by F[m) = 7r(Fix(m)) and 
let S be the random variable defined on by S{u}) = //(Stab(ci;)). Then 
E^{F) = E^{S). 

Proof. This is a trivial computation: 
E^{F) = Y^ 7r(Fix(m))/i(m) = ■K{uj)ii{m) = /x(Stab(6t;))7r(c<j) 

= E^iS) 

as required. □ 

The classical Burnside lemma is obtained by taking M to be a group G, 
/i to be the uniform distribution on G and vr to be the uniform distribution 
on O: one simply observes that n{Stah{uj)) = |Stab(a;)|/|G'| = l/\uj ■ G\. 
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Suppose that \n\ = n, M = Tq and one takes /x and vr to be uniform. 
Clearly |Stab(a;)| = n^~^. Thus we have the well known result 

|F-(/)l = ;^ElSt-bMI = l 
just as in the case of the symmetric group Sq. 
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